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Early calculations 20 years ago

Further analysis of a cosmological model with quintessence and scalar dark matter

Tonatiuh Matos* and L. Arturo Ureña-López†
Departamento de Fı́sica, Centro de Investigación y de Estudios Avanzados del IPN, AP 14-740, 07000 México D.F., Mexico

!Received 1 June 2000; revised manuscript received 5 October 2000; published 20 February 2001"

We present the complete solution to a 95% scalar field cosmological model in which the dark matter is
modeled by a scalar field # with the scalar potential V(#)!V0$cosh(%!&0#)"1' and the dark energy is
modeled by a scalar field ( , endowed with the scalar potential Ṽ(()!Ṽ0$sinh()!&0()'*. This model has
only two free parameters, % and the equation of state +( . With these potentials, the fine-tuning and cosmic
coincidence problems are ameliorated for both dark matter and dark energy and the model agrees with astro-
nomical observations. For the scalar dark matter, we clarify the meaning of a scalar Jeans length and then the
model predicts a suppression of the mass power spectrum for small scales having a wave number k#kmin,# ,
where kmin,#!4.5h Mpc"1 for %!20.28. This last fact could help to explain the death of dwarf galaxies and
the smoothness of galaxy core halos. From this, all parameters of the scalar dark matter potential are com-
pletely determined. The dark matter consists of an ultralight particle, whose mass is m#!1.1$10"23 eV and
all the success of the standard cold dark matter model is recovered. This implies that a scalar field could also
be a good candidate the dark matter of the Universe.

DOI: 10.1103/PhysRevD.63.063506 PACS number!s": 98.80.Cq, 95.35.%d

I. INTRODUCTION

Observations of the luminosity-redshift relation of type Ia
supernovae !SNIa" suggest that distant galaxies are moving
slower than predicted by Hubble’s law, implying an acceler-
ated expansion of the Universe $1'. These observations open
the possibility of the existence of an energy component in
the Universe with a negative equation of state +&0, p
!+, being called dark energy. This component would be
the currently dominant component in the Universe and its
ratio relative to the whole energy would be -./70%. The
simplest model for this dark energy is a cosmological con-
stant (.), in which +!"1. The matter component -M
/30% of the Universe decomposes itself into baryons, neu-
trinos, etc., and cold dark matter which is responsible for the
formation of the structure in the Universe. Observations in-
dicate that stars and dust !baryons" represent something close
to 0.3% of the whole matter of the Universe. The new mea-
surements of the neutrino mass indicate that neutrinos con-
tribute with the same quantity as dust. In other words,
say -M!-b%-0%•••%-DM/0.05%-DM , where -DM
represents the dark matter part of the matter contributions
which has a value of -DM/0.25. The value of the amount of
baryonic matter (/5%) is in agreement with the limits im-
posed by nucleosynthesis !see, for example, Ref. $2'". Then,
this model considers a flat universe (-.%-M11) with
95% of unknown matter but which is of great importance at
the cosmological level. Moreover, it seems to be the most
successful model fitting current cosmological observations
$3'.
However, from the theoretical point of view, . has some

problems. First, the initial conditions have to be set precisely
at one part in 10120, that is, an extreme fine-tuning problem

appears. Second, the cosmic coincidence: why is the current
value of the energy density contribution of the cosmological
constant of the same order than matter? Third, particle theory
predicts a zero cosmological constant, why is it not zero?
These problems can be ameliorated by quintessence, the
model of a fluctuating, inhomogeneous scalar field !Q" roll-
ing down a scalar potential V(Q) $4'. It is assumed that flat
models with -M!0.33'0.05 and a current value of the
equation of state +Q!"0.65'0.07 (+Q can change along
the evolution of the Universe" are the most consistent with
all observations $5'. However, there is not agreement about
which scalar potential V(Q) is the correct one. For instance,
the pure exponential potential has been extensively analyzed
$6–11'. It is known that there is a solution which makes the
scalar energy density scales as the dominant background one,
that could help to ameliorate the fine-tuning problem. Also,
there is another solution that could make the Universe in-
flate, in good accordance with SNIa observations. Moreover,
in a scalar dominated universe, the scalar potential is effec-
tively an exponential one $9'. But nucleosynthesis con-
straints require -Q20.2, and then an exponential potential
would never dominate the Universe $8'.
Another example is a special group of scalar potentials,

named tracker solutions $4'. The cosmology for these poten-
tials is the same and independent of a large range of initial
conditions !about 100 orders of magnitude", avoiding fine-
tuning. The equation of state +Q changes with time towards
"1 $4,5', and then it can dominate the evolution of the Uni-
verse at late times. A typical example is the pure inverse
power-law potential V(Q)/Q") ()#0) $4,6,12'. But the
predicted value for the current equation of state of the quin-
tessence cannot be put in good accordance with supernovae
results $4'. The same problem arises with other inverse
power-law-like potentials. Another possibility is the poten-
tials proposed in Ref. $13'. They can solve the troubles stated
above, but it is difficult to uniquely determine their free pa-
rameters.
On the other hand, we do not know the nature of the dark
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Cold and Fuzzy Dark Matter

Wayne Hu, Rennan Barkana & Andrei Gruzinov
Institute for Advanced Study, Princeton, NJ 08540
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Cold dark matter (CDM) models predict small-scale structure in excess of observations of the cores
and abundance of dwarf galaxies. These problems might be solved, and the virtues of CDM models
retained, even without postulating ad hoc dark matter particle or field interactions, if the dark
matter is composed of ultra-light scalar particles (m ∼ 10−22eV), initially in a (cold) Bose-Einstein
condensate, similar to axion dark matter models. The wave properties of the dark matter stabilize
gravitational collapse providing halo cores and sharply suppressing small-scale linear power.

Introduction.— Recently, the small-scale shortcomings of
the otherwise widely successful cold dark matter (CDM)
models for structure formation have received much at-
tention (see [1–4] and references therein). CDM models
predict cuspy dark matter halo profiles and an abundance
of low mass halos not seen in the rotation curves and lo-
cal population of dwarf galaxies respectively. Though the
significance of the discrepancies is still disputed and so-
lutions involving astrophysical processes in the baryonic
gas may still be possible (e.g. [5]), recent attention has
mostly focused on solutions involving the dark matter
sector.

In the simplest modification, warm dark matter (m ∼
keV) replaces CDM and suppresses small-scale struc-
ture by free-streaming out of potential wells [3], but this
modification may adversely affect structure at somewhat
larger scales. Small-scale power could be suppressed
more cleanly in the initial fluctuations, perhaps originat-
ing from a kink in the inflaton potential [2], but its regen-
eration through non-linear gravitational collapse would
likely still produce halo cusps [6].

More radical suggestions include strong self-
interactions either between dark matter particles [1] or
in the potential of axion-like scalar field dark matter [4].
While interesting, these solutions require self-interactions
wildly in excess of those expected for weakly interacting
massive particles or axions respectively.

In this Letter, we propose a solution involving free par-
ticles only. The catch is that the particles must be ex-
traordinarily light (m ∼ 10−22eV) so that their wave
nature is manifest on astrophysical scales. Under this
proposal, dark matter halos are stable on small scales for
the same reason that the hydrogen atom is stable: the
uncertainty principle in wave mechanics. We call this
dark matter candidate fuzzy cold dark matter (FCDM).

Equations of Motion.— It is well known that if the dark
matter is composed of ultra-light scalar particles m "
1eV, the occupation numbers in galactic halos are so high
that the dark matter behaves as a classical field obeying
the wave equation

!φ = m2φ , (1)

where we have set h̄ = c = 1. On scales much larger than

the Compton wavelength m−1 but much smaller than
the particle horizon, one can employ a Newtonian ap-
proximation to the gravitational interaction embedded in
the covariant derivatives of the field equation and a non-
relativistic approximation to the dispersion relation. It is
then convenient to define the wavefunction ψ ≡ Aeiα, out
of the amplitude and phase of the field φ = A cos(mt−α),
which obeys

i(∂t +
3

2

ȧ

a
)ψ = (−

1

2m
∇2 + mΨ)ψ , (2)

where Ψ is the Newtonian gravitational potential. For
the unperturbed background, the right hand side van-
ishes and the energy density in the field, ρ = m2|ψ|2/2,
redshifts like matter ρ ∝ a−3.

On time scales short compared with the expansion
time, the evolution equations become

i∂tψ = (−
1

2m
∇2 + mΨ)ψ , ∇2Ψ = 4πGδρ . (3)

Assuming the dark matter also dominates the energy
density, we have δρ = m2δ|ψ|2/2. This is simply the non-
linear Schrödinger equation for a self-gravitating particle
in a potential well. In the particle description, ψ is pro-
portional to the wavefunction of each particle in the con-
densate.

Jeans / de Broglie Scale.— The usual Jeans analysis tells
us that when gravity dominates there exists a growing
mode eγt where γ2 = 4πGρ; however a free field oscillates
as e−iEt or γ2 = −(k2/2m)2. In fact, γ2 = 4πGρ −
(k2/2m)2 and therefore there is a Jeans scale

rJ = 2π/kJ = π3/4(Gρ)−1/4m−1/2 ,

= 55m−1/2
22 (ρ/ρb)

−1/4(Ωmh2)−1/4kpc , (4)

below which perturbations are stable and above which
they behave as ordinary CDM. Here m22 = m/10−22eV
and ρb = 2.8 × 1011Ωmh2M" Mpc−3 is the background
density. The Jeans scale is the geometric mean between
the dynamical scale and the Compton scale (c.f. [7–9]) as
originally shown in a more convoluted manner by [10].

The existence of the Jeans scale has a natural interpre-
tation: it is the de Broglie wavelength of the ground state
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A New Cosmological Model of Quintessence and Dark Matter

Varun Sahni1,∗ and Limin Wang 2,†

1Inter-University Centre for Astronomy & Astrophysics, Post Bag 4, Pune 411007, India
2Department of Physics, 538 West 120th Street, Columbia University, New York NY 10027, USA

(February 1, 2008)

We propose a new class of quintessence models in which late times oscillations of a scalar field give
rise to an effective equation of state which can be negative and hence drive the observed acceleration
of the universe. Our ansatz provides a unified picture of quintessence and a new form of dark matter
we call Frustrated Cold Dark Matter (FCDM). FCDM inhibits gravitational clustering on small scales
and could provide a natural resolution to the core density problem for disc galaxy halos. Since the
quintessence field rolls towards a small value, constraints on slow-roll quintessence models are safely
circumvented in our model.

PACS number(s): 04.62.+v, 98.80.Cq

The recent discovery that type Ia high redshift super-
novae are fainter than they would be in an Einstein-de
Sitter universe suggests that the universe may be acceler-
ating, fuelled perhaps by a cosmological constant or some
other field possessing long range ‘repulsive’ effects [1,2].
The acceleration of the universe is related to the equation
of state of matter through the Einstein equation

ä

a
= −

4πG

3

[

ρc + ρX(1 + 3wX)
]

(1)

for cold matter ρc and X-matter with equation of state
PX = wρX . Clearly a necessary (but not sufficient) con-
dition for the universe to accelerate is wX < −1/3. In
other words the equation of state of X-matter must vi-
olate the strong energy condition (SEC) so that ρX +
3PX < 0. Investigations of cosmological models with
Ωm + ΩX " 1 have demonstrated that these models out-
perform most others in predicting the correct form for
the large scale clustering spectrum, accounting for CMB
anisotropies on large and intermediate angular scales
and providing excellent agreement with the luminosity-
distance relation obtained from observations of high red-
shift supernovae [3]. In addition, flat models are com-
pelling from a theoretical viewpoint since they agree with
generic predictions made by the inflationary scenario.

The literature describing phenomenological forms of
matter violating the SEC is vast (see [4] for a recent re-
view). Nevertheless two kinds of matter have been sin-
gled out in recent times as being of special interest:

1. A cosmological constant PX = −ρX (wX = −1),
Λ ≡ ρX/8πG.

2. A scalar field rolling down a potential V (φ).

For fields rolling sufficiently slowly φ̈ " 0 and Tik "
V (φ)gik, so that V (φ) plays the role of a time-dependent
Λ-term. Although appealing, models with the simplest
potentials including V ∝ m2φ2 run into problems similar
to those encountered by a cosmological constant. The
enormous overdamping of the scalar field equation dur-
ing radiation and matter dominated epochs causes V (φ)

to remain unchanged virtually from the Planck epoch
zpl ∼ 1019 to z ∼ 2 [5] resulting in an enormous differ-
ence in the scalar field energy density and that of mat-
ter/radiation at early times. This leads to a fine tuning
problem: the relative values of ρφ and ρm must be set
to very high levels of accuracy (ρφ/ρm)initial ∼ 10−123 in
order to ensure ρφ/ρm ∼ 1 at precisely the present epoch.

A more reasonable assumption might be if the energy
density in the φ-field were comparable to that of radiation
at very early times – say at the end of inflation [6]. This
might even be expected if the φ-field were to be an in-
flationary relic, its energy set by an equipartition ansatz.
However for the φ-field to remain subdominant until re-
cently its energy density must decrease rapidly at early
times. Such behaviour clearly cannot arise for polynomial
potentials V (φ) ∝ φp, 0 < p <∼ few, for which ρφ will
rapidly dominate the total density resulting in a colossal
Λ-term today if ρφ ∼ ρrad initially. Fortunately there do
exist families of potentials for which the behaviour of ρφ
is more flexible. To illustrate this, consider a minimally
coupled scalar field rolling down the potential

V (φ) = V0(coshλφ− 1)p. (2)

V (φ) has asymptotic forms:

V (φ) " Ṽ0e
−pλφ for |λφ| & 1 (φ < 0), (3)

V (φ) " Ṽ0(λφ)2p for |λφ| ' 1 (4)

where Ṽ0 = V0/2p. Scalar field models with the poten-
tial V (φ) ∝ e−pλφ have the attractive property that the
energy density in φ tracks the the radiation/matter com-
ponent as long as the value of φ is large and negative, so
that [7]:

ρφ
ρB + ρφ

=
3(1 + wB)

p2λ2
(5)

(wB = 0, 1/3 respectively for dust, radiation). During
later times the form of V (φ) changes to a power law (4)
resulting in rapid oscillations of φ about φ = 0. The
change in the form of the scalar field potential is accom-
panied by an important change in the equation of state of
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Quintessential Haloes around Galaxies

Alexandre Arbeya,b ∗, Julien Lesgourguesa and Pierre Salatia,b

a) Laboratoire de Physique Théorique LAPTH, B.P. 110, F-74941 Annecy-le-Vieux Cedex, France.
b) Université de Savoie, B.P. 1104, F-73011 Chambéry Cedex, France.

11 September 2001

The nature of the dark matter that binds galaxies remains an open question. The favored
candidate has been so far the neutralino. This massive species with evanescent interactions is now
in difficulty. It would actually collapse in dense clumps and would therefore play havoc with the
matter it is supposed to shepherd. We focus here on a massive and non–interacting complex scalar
field as an alternate option to the astronomical missing mass. We investigate the classical solutions
that describe the Bose condensate of such a field in gravitational interaction with matter. This
simplistic model accounts quite well for the dark matter inside low–luminosity spirals whereas the
agreement lessens for the brightest objects where baryons dominate. A scalar mass m ∼ 0.4 to
1.6 × 10−23 eV is derived when both high and low–luminosity spirals are fitted at the same time.
Comparison with astronomical observations is made quantitative through a chi–squared analysis.
We conclude that scalar fields offer a promising direction worth being explored.

I. INTRODUCTION.

The observations of the Cosmic Microwave Background anisotropies [1] point towards a flat universe. The deter-
mination of the relation between the distance of luminosity and the redshift of supernovae SNeIa [2] strongly favors
the existence of a cosmological constant which contributes a fraction ΩΛ ∼ 0.7 to the closure density. The pressure–
to–density ratio w of that fluid is negative with a value of w = −1 in the case of an exact cosmological constant.
Alternatively, this component could be in the form of dark energy – the so–called quintessence – whose simplest
incarnation is a neutral scalar field Φ with the Lagrangian density

L =
1

2
g µν ∂µΦ ∂νΦ − V (Φ) . (1)

Should the metric be flat and the field homogeneous, the energy density may be expressed as

ρ ≡ T 0
0 =

Φ̇2

2
+ V (Φ) , (2)

whereas the pressure obtains from Tij ≡ −g ij P so that

P =
Φ̇2

2
− V (Φ) . (3)

If the kinetic term is negligible with respect to the contribution of the potential, a pure cosmological constant –
ω = −1 – is recovered. Cosmological scenarios with quintessence in the form of a scalar field have been investigated
[3] with various potentials and their relevance to structure formation has been discussed.

On the other hand, matter contributes a fraction ΩM ∼ 0.3 to the energy balance of the universe. The nature of
that component is still unresolved insofar as baryons amount only to [4]

ΩB h2 = 0.02± 0.002 . (4)

According to the common wisdom, non–baryonic dark matter would be made of neutralinos – a massive species with
weak interactions that naturally arises in the framework of supersymmetric theories. This approach has given rise to

∗E–mail: arbey@lapp.in2p3.fr, lesgourg@lapp.in2p3.fr, salati@lapp.in2p3.fr

1

astro-ph/0105564

Non-relativistic!

1
−g

∂μ( −ggμν∂νϕ) =
∂V
∂ϕ

Klein-Gordon equation

V(ϕ) =
1
2

m2
aϕ2

(Fuzzy Dark Matter)
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Old and new: ultra-light axions
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Figure 1. The cosmic window on ultralight axions, showing the reach of various astronomical
probes. Shaded regions are currently excluded. Lines below them indicate the sensitivity of future
experiments/surveys. ULA hints refers to the ULA mass scale suggested by MW-scale challenges.
Local group schematic, Credit: J. T. A. de Jong, Leiden University. Planck CMB map, Credit
ESA, http://www.esa.int. Black-hole super-radiance schematic [85] used with permission from
American Physical Society, License RNP/19/MAR/012767. PTA Schematic Image Credit: David

Champion. Lyman Alpha Schematic, Image Credit: Ned Wright. Reionization schematic used
with permission from artist, J. F. Podevin, originally used in Ref. [86].

III. AXIONS AND THE CMB

In the DE-like mass window, ULAs roll slowly down their potential as a dark-energy
component, shifting CMB acoustic peaks to smaller angular scales (higher `), and increasing
the largest scale anisotropies due to gravitational potential-well decay for 0 . z . 3300
[15, 16, 87–90]. In the DM-like mass window, the imprint of ULAs on the Hubble expansion
and perturbation growth alters peak heights measured in the temperature and E-mode
polarization power spectra [44, 88, 89, 91, 92]. ULAs manifest wave-like properties on
cosmological scales, suppressing density fluctuations the ULA comoving “Jeans scale” � .
�J ⌘ 0.1 Mpc (ma/10�22 eV)�1/2(1 + z)1/4 [4, 10, 43, 44, 89, 92–98], a↵ecting comoving
wavenumbers k > 2⇡/�J. This a↵ects the strength and scale-dependence of gravitational
lensing of the CMB [99–102].

In the window 10�32 eV . ma . 10�26 eV, the imprint of these e↵ects and Planck satellite
data impose the constraint of ⌦a . 10�2, as shown in Fig. 1 [98, 103]. Fig. 1 includes the
e↵ect of CMB lensing, which improves sensitivity by a factor of ⇠ 3 compared with the
unlensed CMB or galaxy clustering. For ma . 10�32 eV (or ma & 10�25 eV), ULA e↵ects
on CMB/galaxy clustering signatures are indistinguishable from a cosmological constant (or
DM) with current data, lifting these constraints [89].

In the next and coming decades, very sensitive experiments like the Simons Observatory
(SO) [104], CMB Stage-4 (CMB-S4) [105], and PICO [106] (e.g., map noise levels of 6 µK-
arcmin, 1 µK-arcmin, and 0.6 µK-arcmin, respectively) will achieve nearly cosmic-variance
limited measurements of CMB primary anisotropies, and reduce lensing reconstruction noise

Astro2020 Science White Paper: Gravitational probes of ultra-light axions  
Grin et al, ArXiv 1904:090033
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FIG. 4. Evolution of the density contrasts for baryons δb,

standard cold dark matter δCDM and scalar dark matter δΦ
vs the scale factor a taking ΩoM = 0.30 for the models given
in fig. (2). The modes shown are k = 0.1Mpc−1 (top) and
k = 1.0× 10−5 Mpc−1 (bottom).

In fig. 5 we can see δ2 at a redshift z = 50 from a com-
plete numerical evolution using the amended version of
CMBFAST. We also observe a sharp cut-off in the pro-
cessed power spectrum at small scales when compared
to the standard case, as it was argued above. This sup-
pression could explain the smooth cores of dark halos in
galaxies and a less number of dwarf galaxies [15].
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FIG. 5. Power spectrum at a redshift z = 50: ΛCDM

(black), and ΦCDM with λ = 5 (red) and λ = 10 (blue).
The normalization is arbitrary.

At this point, we would like to mention some co-
incidences between some results in ref. [20] in wich a
quadratic potential is used and the results of this sec-
tion. In that reference, it is argued that the Jeans lenght
is the de Broglie wavelenght at the ground state of the
particle in the gravitational potential well and that the
power spectrum is supressed relative to the CDM case.
We see before that most of the interesting properties of
potential (2) as dark matter are due to its polynomial
behavior Φ2. Then, it is not strange that, in our case,
the mass power spectrum is also related to the CDM case
by (see [20])

PΦ(k) !
(

cosx3

1 + x8

)2

PCDM (k), (83)

but using x = (k/kmin,Φ) with kmin,Φ being the wave
number associated to the Jeans lenght (65). The differ-
ence with respecto to the case treated in [20] is that the
relevant time scale is that when scalar oscillations start
and not that of radiation-matter equality.
If we take a cut-off of the mass power spectrum at

k = 4.5 hMpc−1 [15], we can fix the value of parameter
λ. Using eq. (63), we find that

λ ! 20.28,

V0 !
(

3.0× 10−27MPl ! 36.5 eV
)4

, (84)

mΦ ! 9.1× 10−52MPl ! 1.1× 10−23 eV.

where MPl = 1.22× 1019GeV is the Plank mass. All pa-
rameters of potential (2) are now completely determined
and we have the right cut-off in the mass power spectrum.

3. Scalar Field Ψ Dominated Era

Only for completeness, we will draw some general fea-
tures of the evolution of fluctuations during the dark en-
ergy dominated era.
At this era, the scalar field Ψ now dominates both the

evolution of the Universe and the differential equation
(67). We do not worry anymore of Φ, because its per-
turbed solution continues being δΦ = −(1/2)h due to its
oscillations around the minimum of the potential. The
scalar energy ρΨ evolve as a perfect fluid with equation
of state ωΨ due to the effective exponential behavior of
potential (1). Then,

Ψ̇ =
√
1 + ωΨ

√

a2ρΨ (85)

Ṽ =
1− ωΨ

2
ρΨ (86)

Ṽ ′ =
√

3(1 + ωΨ)Ṽ (87)

Ṽ ′′ = 3(1 + ωΨ)Ṽ . (88)

Since the scalar field Ψ dominates the evolution of the
Universe, it is straightforward that

a2ρΨ =
3H2

κ0
(89)

H =
2

1 + 3ωΦ
(τ − τ∞)−1 (90)

being τ∞ the size of the event horizon (τ → τ∞) [27].
Since we are interested in possible growing modes, we
will consider eq. (59) only in the case k2 & a2Ṽ ′′. The
evolution equations (59, 67) become:

ψ̈ + 2B
ψ̇

(τ∞ − τ)
+ C

ψ

(τ∞ − τ)2
+

D

2

ḣ

(τ∞ − τ)
= 0 (91)

ḧ+B
ḣ

(τ∞ − τ)
+ 4D

ψ̇

(τ∞ − τ)
− E

ψ

(τ∞ − τ)2
= 0 (92)
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where 2F1 is the hypergeometric function. By analytical
continuation, it can be shown that [26]

2F1 (u, v, w; z) = (1− z)−u
2F1

(

u,w − v, w;
z

z − 1

)

.

(36)

If a " aMΨ in eq. (35), then

Ho t →
2

3(1 + ωΨ)

a(3/2)√
ΩoM

2F1

(

1

2
, 1,

β

4
+ 1; 1

)

. (37)

Using eqs. (8), it follows that

2F1

(

1

2
, 1,

β

4
+ 1; 1

)

= 1 + ωΨ, (38)

therefore

Ho t →
2

3

a3/2√
ΩoM

. (39)

Let us try to give a complete solution for the time in the
presence of radiation, matter and dark energy. Taking
into account the limit value (39), we can stick up the
solutions (27) and (35). Then, the complete time evolu-
tion for a > a∗ (including the Ψ dominated era) can be
written as

Ho t =
2

3(1 + ωΨ)

a
3
2
(1+ωΨ)

√
ΩoΨ

[

1 +

(

a

aMΨ

)3ωΨ

]−1/2

×

2F1

(

1

2
, 1,

β + 4

4
;

(a/aMΨ)3ωΨ

1 + (a/aMΨ)3ωΨ

)
√

1 +
aγM
a

(

1

2
−

aγM
a

)

−
2

3

(a∗)3/2√
ΩoM

√

1 +
aγM
a∗

(

1

2
−

aγM
a∗

)

+

√
λ2 − 4

λ

(a∗)2

2
√

Ωoγ
. (40)

C. Scalar Field Ψ Dominated Era (ΨD)

At this time, the scalar field Ψ is the dominant com-
ponente of the Universe and the scalar potential (1) is
effectively an exponential one [9,23]. The time evolution
becomes

Ho t =
2

3(1 + ωΦ)

a
3
2
(1+ωΦ)

√
ΩoΦ

, (41)

thus the scalar field Ψ drives the Universe into a power-
law inflationary stage (a ∼ tp, p > 1). Note that usual
tracker solutions do not have this late exponential be-
havior. Also, tracker equation of state usually changes
toward −1 once the scalar field dominates finishing the
latter as a cosmological constant [4]. But the scalar equa-
tion of state ωΨ will never change its tracker value and
for potential (1) there is no solution with ωΨ = −1 either
[23].

A complete numerical solution for the energy densi-
ties ρ’s and the dimensionless density parameters Ω’s are
shown in fig. 2 until today. The results agree with the
solutions found in this section. It can be seen that eq.
(22) makes the scalar field Φ behave quite similar to the
standard cold dark matter model once the scalar oscilla-
tions begin and the required contributions of dark matter
and dark energy are the observed ones [21,23].
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FIG. 1. Evolution of the energy densities ρi vs a: ργ (pink),

ρCDM (green), ρb (red) and ρΨ (blue); with ωΨ = −0.7.
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equation of state for the dark energy is ωΨ = −0.8.

The current age of the Universe can be calculated from
eq. (40) with a = 1. Thus, 1.09 ≥ Ho to ≥ 4.02 for
−0.6 ≥ ωΨ ≥ −0.9. The age of the Universe could be
(15 ≤ to ≤ 60)× 109 years, irrespectively of the value of
λ. We recovered the standard cosmological evolution and
then we can see that potentials (1,2) are reliable models
of dark energy and dark matter in the Universe.

III. LINEAR PERTURBATION THEORY

In this section, we analyze the perturbations of the
space due to the presence of the scalar fields Φ,Ψ using
analytical approximations. First, we consider a linear
perturbation of the space given by hij . We will work in

5

Matos and U-L, PRD  63 (2001) 063506, astro-ph/0006024. The plots show the 
numerical solutions of the scalar field EOM obtained from an amended version of 
CMBFast, the Boltzmann code available at that time. The MPS could only be 
calculated up to z=50, due to the difficulty to follow the rapid oscillations of the field. 
This was the first time that a cut-off in the MPS was obtained from a Boltzmann code.
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GeV, and also implies a maximum axion mass, ma,max =
O(1)(10�8 ! 1) eV, in order to maintain control over
the framework.

Finally, it is worth mentioning the recent explicit con-
struction of N-flation [80] within Type IIB theory [81].
This construction not only allows for N-flation in the
standard way [80] (with ma ⇠ HI , where HI is the
Hubble scale during inflation), but with only a small
change in the volume of the compact space from V =
O(102) to O(103) (in string units) one can also realize
N-quintessence (with ma ⇠ H0 ⌧ HI). It is there-
fore completely plausible within this model that one can
realize all axion masses in between, in particular those
we constrain, giving N-ULA models for DM with poten-
tially large e↵ective decay constants from alignment (e.g.
Refs. [82, 83]).

B. Ultralight Axion Cosmology

The low-energy four-dimensional Lagrangian for a sin-
gle axion field ✓ is [with metric signature (�, +, +, +)]:

L = �1

2
f
2
a
(@✓)2 � ⇤4

a
U(✓), (3)

where U(✓) is any periodic potential, with ✓ chosen such
that it is minimized at ✓ = 0. Canonically normalizing,
we use the field � = fa✓. When the potential is expanded
to leading order in 1/fa, only the mass term appears,
with

m
2
a

=
⇤4
a

f2
a

. (4)

The value of the mass depends exponentially on the non-
perturbative action S, which we expect to be uniformly
distributed, and so the axion mass spectrum can be taken
as a uniform distribution on a logarithmic scale [26] (al-
though see Ref. [84]), as we can see from Eqs. (2) and (4).
In a Bayesian context, this Je↵reys prior is uninformative
and thus natural.

We will work only with the mass term in the poten-
tial, since the form of the potential away from the min-
imum (the axion self interactions) is unknown without
an explicit model for the nonperturbative physics. The
Lagrangian we use is

L = �1

2
(@�)2 � 1

2
m

2
a
�
2
, (5)

later shown to be a valid approximation over the vast
majority of observationally allowed parameter space if
fa < Mpl.

In this work, our focus is on the e↵ect of a single
ULA, whose homogeneous energy-density and pressure
are given (in a Friedmann-Robertson-Walker spacetime)
by

⇢a = a
�2

2 �̇
2
0 + m

2
a
2 �

2
0 , (6)

Pa = a
�2

2 �̇
2
0 � m

2
a
2 �

2
0, (7)

where �0(⌧) is the homogeneous value of the scalar field
as a function of the conformal time ⌧ , a is the cosmo-
logical scale factor, and dots denote derivatives with re-
spect to conformal time. We restrict ourselves to a single
ULA, as the e↵ective fluid formalism described in Sec.
III has only been developed for this case. The mass inde-
pendence of constraints in certain windows may mitigate
this limitation.

The equation of motion for the axion field is

�̈0 + 2H�̇0 + m
2
a
a
2
�0 = 0, (8)

where the conformal Hubble parameter is H = ȧ/a =
aH.

At early times when ma ⌧ H, the axion rolls slowly,
and if its initial field-velocity �̇i,0 = 0, it has equation
of state wa ⌘ Pa/⇢a ' �1. The axion thus behaves as
a DE component, with roughly constant energy density
in time. As the Universe cools and H falls, eventually
the axion field begins to coherently oscillate about the
potential minimum. This occurs when

ma ⇡ 3H(aosc) , (9)

where this equation defines the scale factor aosc. The
oscillation is on time scales �t ⇠ m

�1
a

, with � / a
�3/2 on

longer time scales. Thereafter, the number of axions is
roughly conserved, yielding an axion energy-density that
redshifts as matter, with ⇢a / a

�3 [85]. The relic-density
parameter ⌦a is given by

⌦a =


a
�2

2
�̇
2
0 +

m
2
a

2
�
2
0

�

ma=3H

a
3
osc/⇢crit, (10)

where ⇢crit is the cosmological critical density today. This
production mode is known as the misalignment mecha-
nism. When the ULA behaves as DE, it rolls slowly and
sources the ISW e↵ect (due to the decay of gravitational
potentials wells) [30].

We can use Eq. (10) to obtain a crude estimate for the
relic density in axions. Assuming that a

�2
�̇
2
0(aosc)/2 ⌧

(m2
a
/2)�2

0(aosc) ⇡ m
2
�
2
0,i/2 (where �0,i is the initial

homogeneous field displacement), and taking the back-
ground evolution to be described by either pure radiation
or pure matter domination at a = aosc, one obtains [33]:
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O(1)(10�8 ! 1) eV, in order to maintain control over
the framework.

Finally, it is worth mentioning the recent explicit con-
struction of N-flation [80] within Type IIB theory [81].
This construction not only allows for N-flation in the
standard way [80] (with ma ⇠ HI , where HI is the
Hubble scale during inflation), but with only a small
change in the volume of the compact space from V =
O(102) to O(103) (in string units) one can also realize
N-quintessence (with ma ⇠ H0 ⌧ HI). It is there-
fore completely plausible within this model that one can
realize all axion masses in between, in particular those
we constrain, giving N-ULA models for DM with poten-
tially large e↵ective decay constants from alignment (e.g.
Refs. [82, 83]).

B. Ultralight Axion Cosmology

The low-energy four-dimensional Lagrangian for a sin-
gle axion field ✓ is [with metric signature (�, +, +, +)]:

L = �1

2
f
2
a
(@✓)2 � ⇤4

a
U(✓), (3)

where U(✓) is any periodic potential, with ✓ chosen such
that it is minimized at ✓ = 0. Canonically normalizing,
we use the field � = fa✓. When the potential is expanded
to leading order in 1/fa, only the mass term appears,
with

m
2
a

=
⇤4
a

f2
a

. (4)

The value of the mass depends exponentially on the non-
perturbative action S, which we expect to be uniformly
distributed, and so the axion mass spectrum can be taken
as a uniform distribution on a logarithmic scale [26] (al-
though see Ref. [84]), as we can see from Eqs. (2) and (4).
In a Bayesian context, this Je↵reys prior is uninformative
and thus natural.

We will work only with the mass term in the poten-
tial, since the form of the potential away from the min-
imum (the axion self interactions) is unknown without
an explicit model for the nonperturbative physics. The
Lagrangian we use is

L = �1

2
(@�)2 � 1

2
m

2
a
�
2
, (5)

later shown to be a valid approximation over the vast
majority of observationally allowed parameter space if
fa < Mpl.

In this work, our focus is on the e↵ect of a single
ULA, whose homogeneous energy-density and pressure
are given (in a Friedmann-Robertson-Walker spacetime)
by

⇢a = a
�2

2 �̇
2
0 + m

2
a
2 �

2
0 , (6)

Pa = a
�2

2 �̇
2
0 � m

2
a
2 �

2
0, (7)

where �0(⌧) is the homogeneous value of the scalar field
as a function of the conformal time ⌧ , a is the cosmo-
logical scale factor, and dots denote derivatives with re-
spect to conformal time. We restrict ourselves to a single
ULA, as the e↵ective fluid formalism described in Sec.
III has only been developed for this case. The mass inde-
pendence of constraints in certain windows may mitigate
this limitation.

The equation of motion for the axion field is

�̈0 + 2H�̇0 + m
2
a
a
2
�0 = 0, (8)

where the conformal Hubble parameter is H = ȧ/a =
aH.

At early times when ma ⌧ H, the axion rolls slowly,
and if its initial field-velocity �̇i,0 = 0, it has equation
of state wa ⌘ Pa/⇢a ' �1. The axion thus behaves as
a DE component, with roughly constant energy density
in time. As the Universe cools and H falls, eventually
the axion field begins to coherently oscillate about the
potential minimum. This occurs when

ma ⇡ 3H(aosc) , (9)

where this equation defines the scale factor aosc. The
oscillation is on time scales �t ⇠ m

�1
a

, with � / a
�3/2 on

longer time scales. Thereafter, the number of axions is
roughly conserved, yielding an axion energy-density that
redshifts as matter, with ⇢a / a

�3 [85]. The relic-density
parameter ⌦a is given by

⌦a =


a
�2

2
�̇
2
0 +

m
2
a

2
�
2
0

�

ma=3H

a
3
osc/⇢crit, (10)

where ⇢crit is the cosmological critical density today. This
production mode is known as the misalignment mecha-
nism. When the ULA behaves as DE, it rolls slowly and
sources the ISW e↵ect (due to the decay of gravitational
potentials wells) [30].

We can use Eq. (10) to obtain a crude estimate for the
relic density in axions. Assuming that a
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0(aosc) ⇡ m
2
�
2
0,i/2 (where �0,i is the initial

homogeneous field displacement), and taking the back-
ground evolution to be described by either pure radiation
or pure matter domination at a = aosc, one obtains [33]:
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We begin in Sec. III A by describing the exact evo-
lution of the scalar field in terms of fluid variables. In
Sec. III B, we discuss the initial conditions used in camb

for the combined system of ULAs, baryons, neutrinos,
photons, CDM perturbations, self-consistently including
the metric perturbation. Further details of the initial
condition derivation are given in Appendix B. We then
derive, in Sec. III C, the e↵ective fluid EOMs in terms of
the same fluid variables, valid in the coherently oscillat-
ing regime. Finally, in Sec. III D, we summarize all the
changes made to camb to compute cosmological observ-
ables for comparison with data in this work. During the
preparation of this work, similar e↵ective fluid methods
have been independently developed and applied to novel
coupled DM-DE systems [146].

A. Exact fluid equations for ULA perturbations

The equations of motion (EOMs) for the Fourier modes

of a perturbed scalar field � = �0(⌧) + �1(⌧,~k) [in
synchronous gauge, with a Friedmann-Robertson-Walker
(FRW) metric] are [31, 147]

�̈1 + 2H�̇1 + (m2
a
a
2 + k

2)�1 = �1

2
�̇0�̇, (13)

where � is the trace of the scalar metric perturbation
[148], k is the comoving Fourier wave number of a per-
turbation, a is the scale factor, and ⌧ denotes confor-
mal time. In the cosmological context, masses are al-
ways converted from units of eV to units of h Mpc�1,
where h is the dimensionless Hubble constant today
h = H0/(100 km s�1 Mpc�1). There are four de-
grees of freedom coming from the perturbed scalar field:
{�0, �̇0, �1, �̇1}. The components of the scalar-field
energy-momentum tensor are found from these degrees
of freedom in the usual way.

In an arbitrary gauge, the components of the perturbed
ULA energy momentum tensor are [149]:

�⇢a = a
�2

⇣
�̇0�̇1 � �̇

2
0A

⌘
+ m

2
a
�0�1 , (14)

�Pa = a
�2

⇣
�̇0�̇1 � �̇

2
0A

⌘
� m

2
a
�0�1 , (15)

(⇢ + P )(va � B) = a
�2

k�̇0�1 , (16)

where A and B are the scalar potential and vector longi-
tudinal perturbations in the chosen gauge, respectively,
to the metric tensor. A scalar field has no anisotropic
stress at linear order in perturbation theory [149].

Using these definitions, one can exactly map the EOMs
and four degrees of freedom onto those of a generalized
DM (GDM) fluid, as shown in Ref. [150]. The homoge-
neous (background) evolution is specified by the density
⇢a and the equation of state wa:

⇢̇a = �3H⇢a(1 + wa) . (17)

wa =
Pa

⇢a
. (18)

There are two degrees of freedom in the homogeneous
scalar field equations, and so there is also an equation of
motion for Pa (and thus wa).

After performing a gauge transformation, the GDM
sound speed for the ULA is derived easily in the ULA
comoving gauge, where the ULA perturbation �1 van-
ishes. In this gauge, the ULA sound speed is easily seen
to be [149]

c
2
a

=
�P

�⇢
= 1. (19)

The GDM fluid EOMs in synchronous gauge then yield

�̇a = � kua � (1 + wa) �̇/2 � 3H (1 � wa) �a

�9H2
�
1 � c

2
ad

�
ua/k, (20)

u̇a = 2Hua + k�a + 3H
�
wa � c

2
ad

�
ua, (21)

where �a = �⇢a/⇢a, and the adiabatic sound speed is

c
2
ad ⌘ Ṗa

⇢̇a
= wa � ẇa

3H (1 + wa)
. (22)

The dimensionless ULA heat flux is ua = (1 + wa)va.
Equivalent fluid equations for a scalar field are obtained
in Refs. [151, 152]. It is straightforward to show that this
system is equivalent to the scalar field EOM, Eq. (13).
These ULA EOMS are numerically solved along with the
perturbed Einstein, fluid, and Boltzmann equations, in
a modified version of camb, in order to compute CMB
anisotropies and the matter power-spectrum.

We also need the contribution of ULA fluid variables
to the source terms for the Einstein equations. In syn-
chronous gauge, this is:

�Pa = ⇢a

⇥
�a + 3H(1 � c

2
ad)va/k

⇤
, (23)

�⇢a = ⇢a�a, (24)

(⇢a + Pa) va = ⇢aua. (25)

B. Initial conditions

To start o↵ camb for any particular set of cosmolog-
ical initial conditions, one needs a power series solution
for all the fluid and metric variables, as the (non sti↵)
integrator used in camb can not be started at conformal
time ⌧ = 0, when the homogeneous densities of baryons,
photons, DM, and neutrinos all diverge. camb begins
the evolution of all modes when they are well outside the
horizon (x = k⌧ ⌧ 1) so we seek an expansion in powers
of x. The relevant mode for our discussion is the adia-
batic mode.5 The power-series solution for this case is

5
Note that we have also derived the power-series solutions for

isocurvature modes, including the ULA isocurvature mode. We

will discuss these and the associated observables in a future pa-

per.

8

We begin in Sec. III A by describing the exact evo-
lution of the scalar field in terms of fluid variables. In
Sec. III B, we discuss the initial conditions used in camb

for the combined system of ULAs, baryons, neutrinos,
photons, CDM perturbations, self-consistently including
the metric perturbation. Further details of the initial
condition derivation are given in Appendix B. We then
derive, in Sec. III C, the e↵ective fluid EOMs in terms of
the same fluid variables, valid in the coherently oscillat-
ing regime. Finally, in Sec. III D, we summarize all the
changes made to camb to compute cosmological observ-
ables for comparison with data in this work. During the
preparation of this work, similar e↵ective fluid methods
have been independently developed and applied to novel
coupled DM-DE systems [146].

A. Exact fluid equations for ULA perturbations

The equations of motion (EOMs) for the Fourier modes

of a perturbed scalar field � = �0(⌧) + �1(⌧,~k) [in
synchronous gauge, with a Friedmann-Robertson-Walker
(FRW) metric] are [31, 147]

�̈1 + 2H�̇1 + (m2
a
a
2 + k

2)�1 = �1

2
�̇0�̇, (13)

where � is the trace of the scalar metric perturbation
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mal time. In the cosmological context, masses are al-
ways converted from units of eV to units of h Mpc�1,
where h is the dimensionless Hubble constant today
h = H0/(100 km s�1 Mpc�1). There are four de-
grees of freedom coming from the perturbed scalar field:
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where A and B are the scalar potential and vector longi-
tudinal perturbations in the chosen gauge, respectively,
to the metric tensor. A scalar field has no anisotropic
stress at linear order in perturbation theory [149].

Using these definitions, one can exactly map the EOMs
and four degrees of freedom onto those of a generalized
DM (GDM) fluid, as shown in Ref. [150]. The homoge-
neous (background) evolution is specified by the density
⇢a and the equation of state wa:

⇢̇a = �3H⇢a(1 + wa) . (17)
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There are two degrees of freedom in the homogeneous
scalar field equations, and so there is also an equation of
motion for Pa (and thus wa).

After performing a gauge transformation, the GDM
sound speed for the ULA is derived easily in the ULA
comoving gauge, where the ULA perturbation �1 van-
ishes. In this gauge, the ULA sound speed is easily seen
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The dimensionless ULA heat flux is ua = (1 + wa)va.
Equivalent fluid equations for a scalar field are obtained
in Refs. [151, 152]. It is straightforward to show that this
system is equivalent to the scalar field EOM, Eq. (13).
These ULA EOMS are numerically solved along with the
perturbed Einstein, fluid, and Boltzmann equations, in
a modified version of camb, in order to compute CMB
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We also need the contribution of ULA fluid variables
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To start o↵ camb for any particular set of cosmolog-
ical initial conditions, one needs a power series solution
for all the fluid and metric variables, as the (non sti↵)
integrator used in camb can not be started at conformal
time ⌧ = 0, when the homogeneous densities of baryons,
photons, DM, and neutrinos all diverge. camb begins
the evolution of all modes when they are well outside the
horizon (x = k⌧ ⌧ 1) so we seek an expansion in powers
of x. The relevant mode for our discussion is the adia-
batic mode.5 The power-series solution for this case is
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tive fluid equations for ULAs (when a � aosc) are

�̇a = �kua � �̇

2
� 3Hc

2
a
�a � 9H2

c
2
a
ua/k, (28)

u̇a = �Hua + c
2
a
k�a + 3c

2
a
Hua. (29)

To compute the evolution of ULA perturbations in
camb, we use Eqs. (20)-(21) when a < aosc together
with the numerical background evolution of ⇢a, wa. At
late times when a � aosc we use Eqs. (28)-(29) , with
⇢a / a

�3
, wa = 0. To be sure that this sudden transi-

tion does not produce numerical artifacts in the modified
camb output, we verified that results are insensitive to
changes in the exact matching time of order �⌧ = 10m

�1.
We also checked the code against a version of camb

that directly solves for the perturbed scalar field, and for
masses as high as ma ⇠ 104H0, found agreement between
the exact and e↵ective fluid treatments. The approxima-
tion improves at higher ma values, as the transition hap-
pens over shorter and shorter intervals compared to the
whole of cosmic time. Since this mass is deep into the
coherent oscillation regime today, we are confident that
our approximations are valid over the full mass range
considered, as discussed further in Sec. IIID.

D. Summary of changes to CAMB and key
physical e↵ects

We self-consistently include the e↵ect of ULAs on the
homogeneous expansion history by numerically solving
Eq. (8), including the ULA energy density in the com-
putation of H using the Friedmann equation. Using a
shooting method, the initial value �0 is chosen to obtain
the desired input value of ⌦a/⌦d to a precision of 10�4.
Additionally, we include the contributions of ULAs to
H everywhere in camb that the Hubble expansion rate
is needed, including the RecFast [157] recombination
module itself and the calculation of the visibility func-
tion. Early-time (m  3H) evolution of perturbations
is followed using the equations of Sec. III A, with initial
conditions set as discussed in Sec. III B and Appendix
B. Late-time (m � 3H) evolution is followed using the
equations of Sec. III C.

We now discuss the evolution of specific modes (out-
put by our modified version of camb) in several cases of
interest, in order to highlight some of the physical e↵ects
driving the behavior of the observable power spectra dis-
cussed in Sec. IV. As already discussed in Sec. II, Fig. 3
shows the behavior of a range of modes for ULAs with
ma = 10�26 eV. We see there that if ULAs constitute all
the DM and the perturbation wavelength is smaller than
or of order the ULA Jeans scale, linear structure growth
is arrested until a later time.

Evolution of a DM density perturbation with k =
10�4

h Mpc�1 is shown in Fig. 4. For this large-scale
mode (k ⌧ km) and a large (CDM-like) value of ma, we
expect the ULA to behave as CDM. Once a ⇠> aosc, the
initial conditions are forgotten and the mode locks onto

FIG. 5. Evolution of the integrated Sachs-Wolfe (ISW) source
term [54] for a mode with k = 10�4

h Mpc�1. The overall
amplitude is arbitrary. Dark colored curves are generated
using the modified camb described in the text. Lighter curves
are generated using direct numerical integration of scalar-field
perturbation EOMs. Green curves show the e↵ect of choosing
⌦a/⌦d = 0.1 (with all other parameters set to ⇤CDM values)
with ma = 10�32 eV. Blue curves are obtained assuming
⌦⇤ = 0, ⌦m = 1 and ⌦a/⌦d = 0.1 with ma = 5⇥ 10�32 eV.

the universal CDM-like behavior. For higher ma, aosc is
lower and CDM-like behavior begins earlier.

In Fig. 5, we show the behavior of the integrated
Sachs-Wolfe (ISW) source term (see Ref. [54] for a defi-
nition) for a long-wavelength mode (k = 10�4

h Mpc�1)
in ⇤CDM and Einstein-deSitter (EdS) cosmologies as
well as cosmologies which include ULAs with rather low
masses (10�32 eV � 5 ⇥ 10�32 eV), treating ULA pertur-
bations using the e↵ective fluid formalism and modified
camb described above. The EdS cosmology is defined by
the values ⌦m = 1, ⌦⇤ = 0).

When low-mass (m = 10�32 eV) ULAs replace some of
the DM, there is an enhancement of the ISW e↵ect due
to the early DE-like behavior of ULAs. When a > aosc,
these ULAs begin to behave as CDM, leading the ISW
source term to reconverge to the ⇤CDM behavior. The
small deviation from ⇤CDM behavior for scales that en-
ter the horizon when a < aosc will drive the CMB con-
straint for comparable ULA masses, as we discuss further
in Secs. IV and V.

As another example, we set ⌦m = 1, ⌦⇤ = 0, and
⌦a = 0.1, with a higher ULA mass of ma = 5⇥10�32 eV.
Because of their early DE-like behavior, these ULAs ini-
tially enhance the ISW source term. The higher ma (and
lower aosc) value, however, causes CDM-like behavior to
set in earlier than the preceding case. ISW source term
then closely tracks the EdS case, with a nearly vanishing
late-time ISW e↵ect.

For both ULA parameter sets in Fig. 5, we compare
mode evolution in the e↵ective fluid treatment with that
obtained by directly numerically integrating the EOMs of
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FIG. 4. Evolution of the fractional dark-matter density per-
turbation with wave number k = 10�4

h Mpc�1 for the 3 dif-
ferent ULA masses indicated compared to the standard CDM
case (dashed). For these ULA masses, k < km always, and so
soon after a > aosc, the mode behaves just as CDM.

stated in Ref. [153], ignoring the contribution of ULAs
to the cosmic energy density.

We reproduce this solution using the eigenmode
method of Refs. [154–156] in Appendix B. We also con-
firm that this power-series solution is valid up to correc-
tions of order (k⌧)4 for metric and standard fluid per-
turbations, and ⌧/⌧eq for the ULA variables themselves,
even when the contribution of ULAs to the energy den-
sity is included (here ⌧eq is the conformal time at matter-
radiation equality). The initial conformal time for camb
is already chosen such that these parameters are su�-
ciently small to obtain the required precision for compar-
ison with all existing cosmological data of interest, and
so we can safely neglect these corrections to the usual
adiabatic initial conditions. We also require that the in-

tegration begins at an initial scale factor ainit < 100aosc,
where we set �0(⌧) = constant and �̇0(⌧) = 0. In the adi-
abatic mode, ULA perturbations do not evolve or grow at
leading order and early times, but this changes later when
ma � 3H, and the ULA begins to coherently oscillate, a
regime we treat using an e↵ective fluid approximation.

C. E↵ective fluid equations for ULAs

Using the EOMs from Sec. III A with the initial con-
ditions just discussed, and choosing the initial conformal
time so that ⌧init ⌧ ⌧osc and ⇢a ⌧ ⇢� , ⇢a ⌧ ⇢⌫ , ⇢a ⌧ ⇢m,
we use camb to evolve the full system when a < aosc. We
solve independently for the background quantities �, c

2
ad

and wa, and use the history of wa and ẇa to correctly
compute the perturbation evolution.The initial value for
�0 is chosen using the shooting method to obtain the cor-
rect relic density via Eq. (10) and the numerical solution
for �(a).

The homogeneous ULA fields remain roughly frozen
at their initial values until the mass overcomes the Hub-
ble friction, at which point they coherently oscillate with
decaying amplitude and frequency ma. At times when
ma � 3H these oscillations give rise to a large separa-
tion of time scales and direct integration of the scalar
field EOMs becomes computationally prohibitive, even
for modest ULA masses (ma ⇠> 10�27 eV).

To address this di�culty, we use the WKB method
to obtain an e↵ective fluid approximation for perturba-
tions, averaging over the fast-time scale in the problem
and writing evolution equations for the fluid variables av-
eraged over the oscillation time scale m

�1
a

[26, 31, 33, 112–
121]. The behavior of the system is that of a fluid with
the asymptotic behavior shown in Eq. (12), leading to
suppressed structure growth on scales k � km, with a
dramatic cuto↵ when k � kJ. Precisely, in an arbitrary
gauge, the EOM for a scalar-field perturbation is [149]

�̈1 = �2H�̇1 �
�
k
2 + a

2
m

2
a

�
�1 +

⇣
Ȧ � 3ḢL � kB

⌘
�̇0 � 2Aa

2
m

2
a
�0 = 0 , (26)

where HL is the scalar perturbation to the spatial cur-
vature. Following Refs. [118, 119], we make the ansatz
that �0(⌧) = [�+(⌧) cos (ma⌧) + ��(⌧) sin (ma⌧)]/a

3/2

and �1 = ��+(k, ⌧) cos (ma⌧) + ���(k, ⌧) sin (ma⌧). We
choose the “comoving gauge” defined with respect to
the oscillation-averaged fluid [that is, we set v = B

in Eq. (16), which requires that ���(k, ⌧)�+(ma, ⌧) =
��+(k, ⌧)��(ma, ⌧)].

Substituting our ansatz into Eqs.(6)-(15) and Eq. (26),
and assuming that metric perturbations vary only on con-
formal time scales ⌧ ⇠ H�1 � m

�1
a

, we obtain equations
which can be grouped by powers of H/ma. We find that

to leading order in H/ma, and when a � aosc,

c
2
a

⌘ �P

�⇢
=

k
2
/(4m

2
a
a
2)

1 + k2/(4m2
a
a2)

, (27)

which smoothly interpolates between the asymptotic
regimes given in Eq. (12). Going back to synchronous
gauge [and taking average values over the fast time scale,
that is, wa ' 0 and cad ' 0, both easily obtained from
the solution for �0(⌧), Eq. (18), and Eq. (22)], the e↵ec-
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GeV, and also implies a maximum axion mass, ma,max =
O(1)(10�8 ! 1) eV, in order to maintain control over
the framework.

Finally, it is worth mentioning the recent explicit con-
struction of N-flation [80] within Type IIB theory [81].
This construction not only allows for N-flation in the
standard way [80] (with ma ⇠ HI , where HI is the
Hubble scale during inflation), but with only a small
change in the volume of the compact space from V =
O(102) to O(103) (in string units) one can also realize
N-quintessence (with ma ⇠ H0 ⌧ HI). It is there-
fore completely plausible within this model that one can
realize all axion masses in between, in particular those
we constrain, giving N-ULA models for DM with poten-
tially large e↵ective decay constants from alignment (e.g.
Refs. [82, 83]).

B. Ultralight Axion Cosmology

The low-energy four-dimensional Lagrangian for a sin-
gle axion field ✓ is [with metric signature (�, +, +, +)]:

L = �1

2
f
2
a
(@✓)2 � ⇤4

a
U(✓), (3)

where U(✓) is any periodic potential, with ✓ chosen such
that it is minimized at ✓ = 0. Canonically normalizing,
we use the field � = fa✓. When the potential is expanded
to leading order in 1/fa, only the mass term appears,
with

m
2
a

=
⇤4
a

f2
a

. (4)

The value of the mass depends exponentially on the non-
perturbative action S, which we expect to be uniformly
distributed, and so the axion mass spectrum can be taken
as a uniform distribution on a logarithmic scale [26] (al-
though see Ref. [84]), as we can see from Eqs. (2) and (4).
In a Bayesian context, this Je↵reys prior is uninformative
and thus natural.

We will work only with the mass term in the poten-
tial, since the form of the potential away from the min-
imum (the axion self interactions) is unknown without
an explicit model for the nonperturbative physics. The
Lagrangian we use is

L = �1

2
(@�)2 � 1

2
m

2
a
�
2
, (5)

later shown to be a valid approximation over the vast
majority of observationally allowed parameter space if
fa < Mpl.

In this work, our focus is on the e↵ect of a single
ULA, whose homogeneous energy-density and pressure
are given (in a Friedmann-Robertson-Walker spacetime)
by

⇢a = a
�2

2 �̇
2
0 + m

2
a
2 �

2
0 , (6)

Pa = a
�2

2 �̇
2
0 � m

2
a
2 �

2
0, (7)

where �0(⌧) is the homogeneous value of the scalar field
as a function of the conformal time ⌧ , a is the cosmo-
logical scale factor, and dots denote derivatives with re-
spect to conformal time. We restrict ourselves to a single
ULA, as the e↵ective fluid formalism described in Sec.
III has only been developed for this case. The mass inde-
pendence of constraints in certain windows may mitigate
this limitation.

The equation of motion for the axion field is

�̈0 + 2H�̇0 + m
2
a
a
2
�0 = 0, (8)

where the conformal Hubble parameter is H = ȧ/a =
aH.

At early times when ma ⌧ H, the axion rolls slowly,
and if its initial field-velocity �̇i,0 = 0, it has equation
of state wa ⌘ Pa/⇢a ' �1. The axion thus behaves as
a DE component, with roughly constant energy density
in time. As the Universe cools and H falls, eventually
the axion field begins to coherently oscillate about the
potential minimum. This occurs when

ma ⇡ 3H(aosc) , (9)

where this equation defines the scale factor aosc. The
oscillation is on time scales �t ⇠ m

�1
a

, with � / a
�3/2 on

longer time scales. Thereafter, the number of axions is
roughly conserved, yielding an axion energy-density that
redshifts as matter, with ⇢a / a

�3 [85]. The relic-density
parameter ⌦a is given by

⌦a =


a
�2

2
�̇
2
0 +

m
2
a

2
�
2
0

�

ma=3H

a
3
osc/⇢crit, (10)

where ⇢crit is the cosmological critical density today. This
production mode is known as the misalignment mecha-
nism. When the ULA behaves as DE, it rolls slowly and
sources the ISW e↵ect (due to the decay of gravitational
potentials wells) [30].

We can use Eq. (10) to obtain a crude estimate for the
relic density in axions. Assuming that a

�2
�̇
2
0(aosc)/2 ⌧

(m2
a
/2)�2

0(aosc) ⇡ m
2
�
2
0,i/2 (where �0,i is the initial

homogeneous field displacement), and taking the back-
ground evolution to be described by either pure radiation
or pure matter domination at a = aosc, one obtains [33]:
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• Concern 1. The field  itself, the equation of state, the density 
and the pressure, are all rapidly oscillating functions! 

• Concern 2. The sudden switch from field to fluid, made at an 
arbitrary time, leads to an offset of the density to its true 
value from the field equations. This offset depends on the 
value of the switch time, and this raises accuracy concerns. 

• Concern 3. It only works for fuzzy dark matter.

Caveats and difficulties: background
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However, this procedure inevitably chooses an arbi-
trary phase in the axion oscillation at the matching point
between the field and the fluid. Eq. (5) shows that
these oscillatory modes are large, introducing an error
/ (m/H)�1 at the matching time. This leads to a match-
ing error in the axion density that remains today.

Moreover, accurately evolving the axion density re-
quires knowing the exact form of the O(m/H)�2 term
in Eq. (5) in order to give the fluid the appropriate
leading-order correction to the CDM-like equation of
state. While at the background level the appropriate
equation of state is straightforward to derive analytically,
at the perturbation level the situation is more compli-
cated and we would like to have an empirical method of
calibrating the appropriate fluid evolution.

In this work, we construct an e↵ective fluid approxi-
mation in such a way as to control both the matching
errors and the evolution errors. To do so, we start from
some time ⌧⇤ in the oscillatory regime, corresponding to
the ratio m/H⇤ > 1, and write the field � in a form which
factors out subsequent oscillations,

�(⌧) = 'c(⌧) cos [⌧ � ⌧⇤] + 's(⌧) sin [⌧ � ⌧⇤] , (6)

by using two auxiliary field variables 'c,s. This decompo-
sition is useful because if 'c,s evolve only on the Hubble
timescale, then they can be used to compute quantities
which should look like cycle averaged versions of the ax-
ion.

To see how 'c,s evolve, we plug the ansatz (6) back
into the equation of motion (2) and obtain an equation
of motion for 'c,s,

✓
'

00
c + 2'

0
s + 3

H

m
['s + '

0
c]

◆
cos [⌧ � ⌧⇤] +

✓
'

00
s � 2'

0
c + 3

H

m
[�'c + '

0
s]

◆
sin [⌧ � ⌧⇤] = 0 , (7)

which we can impose is solved by setting the two indi-
vidual terms in the parentheses to zero. Primes 0 here
and throughout denote derivatives with respect to ⌧ . As
long as the initial conditions for 'c,s and their derivatives
at ⌧⇤ are chosen appropriately so that they match �(⌧⇤)
and �

0(⌧⇤) through Eq. (6), then the 'c,s which solve this
auxiliary equation of motion are exact representations of
the axion background.

We now use our 'c,s variables to define e↵ective fluid
(EF) quantities

⇢
ef

ax
⌘

1

2
m

2

 
'

2

c + '
2

s +
'

0
c
2

2
+

'
0
s
2

2
� 'c'

0
s + 's'

0
c

!
,

P
ef

ax
⌘

1

2
m

2

 
'

0
c
2

2
+

'
0
s
2

2
� 'c'

0
s + 's'

0
c

!
, (8)

which we have constructed using the Klein-Gordon equa-
tion (7) to exactly satisfy the usual form of a fluid con-
servation law (e.g. Ref. [42])

⇢̇
ef

ax
= �3

ȧ

a

�
⇢
ef

ax
+ P

ef

ax

�
. (9)
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FIG. 1. The axion field � (upper panel, blue) is released from
Hubble drag around m ⇠ H and then oscillates around its
minimum as m/H increases. At some arbitrary m/H⇤ in the
oscillatory phase, we write � in terms of auxiliary fields 'c,s

(red and yellow curves) which factor out oscillations. These
auxiliary fields allow us to construct the e↵ective fluid density
⇢
ef

ax (lower panel, orange), which matches the axion density
⇢ax (blue) at late times up to a tiny matching error (inset),
which our analytic results show is imprinted at the switch time
and is proportional to (m/H⇤)

�3. The evolution of ⇢
ef

axa
3 is

very small and therefore its value at late times can be accu-
rately computed from its early time value using an approxi-
mate equation of state. Variables here are scaled by the field
and its density at m/H⇤ and their asymptotic behavior in
the m/H ! 1 limit, the axion mass is 10�22 eV, and its
present-day abundance is that of the dark matter. For fur-
ther discussion see §II A 1.

The definitions (8) of the e↵ective fluid are motivated by
the notion of cycle averaging the oscillations in ⌧ and
they can be derived by plugging the ansatz for � (6) into
the energy density and pressure equations (4) and then
sending sin2 and cos2 terms to 1/2 and cross terms to
zero. Regardless of their approximate motivation, how-
ever, the evolution equation (9) they yield for the e↵ec-
tive fluid density ⇢

ef

ax
is exact. To evaluate it and close

the system requires knowing the evolution of P
ef

ax
through

'c,s using the Klein-Gordon equation.

So far we have simply recast the axion system using
di↵erent variables with no approximations, but doing so
has two advantages. First, at late times the e↵ective fluid
density is an excellent approximation for the true axion

2

by a usual fluid approximation. We compare to the ap-
proach taken by AxionCAMB in Appendix A. We con-
clude in §IV.

II. METHOD

The axion field � obeys the Klein-Gordon equation

⇤�(~x, t) = V
0(�(~x, t)) ⇡ m

2
�(~x, t) , (1)

where the approximation of the axion cosine potential
with a quadratic potential V ⇡ m

2
�

2
/2 applies su�-

ciently near the minimum.

Given that this is a wave equation with solutions that
oscillate on the mass time scale t ⇠ m

�1, we wish to find
a computationally tractable way to solve it across cosmo-
logical timescales H

�1

0
to a given accuracy. We restrict

ourselves to linear theory, splitting the axion field �(~x, t)
into a background �(t) and linear perturbations ��(~x, t),
and we develop a procedure for each piece separately.

Schematically, our approach is to decompose the field
� into two auxiliary fields 'c,s which factor out the mass
timescale oscillations starting at some switch time in the
oscillatory regime which we mark with a subscript ‘*’ and
which we parametrize by the ratio m/H⇤ > 1.

For the background, we use a specific combination of
these auxiliary field variables to construct an e↵ective
fluid with density ⇢

ef

ax
in such a way that at late times it

approaches the true energy density of the axion ⇢ax up
to a small matching error suppressed by (m/H⇤)�3.

The e↵ective fluid can be evolved exactly, but it has
the advantage that it does not significantly evolve on the
mass timescale. Therefore its evolution from early to
late times can be accurately approximated in a straight-
forward and computationally e�cient manner with an
e↵ective fluid approximation (EFA), yielding quantities
such as the density ⇢

efa

ax
which approximates its exact

counterpart ⇢
ef

ax
up to a small evolution error which is

also suppressed by (m/H⇤)�3.

We are therefore able to approximate the late-time ax-
ion fluid by evolving e�ciently only our e↵ective fluid ap-
proximations after m/H⇤. We can control the matching
and evolution errors to any desired accuracy by choosing
the switch epoch m/H⇤. We develop a similar procedure
for the perturbations, where there are additional terms
associated with Jeans oscillations, and we find that a very
modest switch parameter value m/H⇤ = 10 is already
su�cient to obtain subpercent accuracy for observable
quantities like the axion transfer function out to scales
where the linear power remains appreciable. The param-
eter value m/H⇤ = 10 corresponds to solving less than
one oscillation of the axion field exactly, after which the
axion is evolved only in the e↵ective fluid approximation.

A. Background

The equation of motion for the background is

�̈ + 2
ȧ

a
�̇ + a

2
m

2
� = 0 , (2)

with overdots denoting derivatives with respect to the
conformal time ⌘ =

R
dt/a. At early times m/H ⌧ 1

the field is frozen by Hubble drag and behaves like a
dark energy component to the universe’s energy budget.
As H drops below m, the field is released and oscillates
around its potential minimum, with its energy density
redshifting as cold dark matter once m/H � 1.

When the expansion rate is a power law in time, the
background (2) has an exact solution in terms of Bessel
functions (see, e.g., Ref. [7]). We can employ this solu-
tion in the radiation dominated regime, but in order to
also establish some groundwork for the analysis of pertur-
bations, which do not admit such a solution, we instead
focus on the WKB solution for the background in the
oscillatory regime. The squared frequency of the oscilla-
tor a

2
m

2
� ä/a goes to a

2
m

2 in radiation domination or
when m/H � 1, so the asymptotic solution is a harmonic
oscillator

� !
C1

m1/2a3/2
cos [⌧ + C2] , (3)

where ⌧ ⌘ mt is a convenient time variable in the oscil-
latory regime and C1 and C2 are constants determined
by the initial conditions.

The oscillating field admits a description in terms of
its energy density and pressure,

⇢ax ⌘
1

2

✓
d�

dt

◆2

+ V ,

Pax ⌘
1

2

✓
d�

dt

◆2

� V , (4)

which approach

a
3
⇢ax / 1 + O

✓
cos [2⌧ ]

⇣
m

H

⌘�1

,

⇣
m

H

⌘�2
◆

, (5)

a
3
Pax / cos [2(⌧ + C2)] + O

✓
cos [2⌧ ]

⇣
m

H

⌘�1

,

⇣
m

H

⌘�2
◆

where the cos[2⌧ ] factors here signify that the neglected
terms oscillate on the 2⌧ timescale; they are not meant to
imply a specific phase of the oscillations in the neglected
term.

On the cycle average, this representation of the axion
looks like pressureless matter to order O(m/H)�2, so
the usual approach to avoiding the axion’s timescale hi-
erarchy used in state-of-the-art codes like AxionCAMB
[41] is to solve the Klein-Gordon equation exactly until
the oscillations begin, with the default setting in Axion-
CAMB defining this as m/H = 3, and then compute the
axion energy density and evolve it forward as a pressure-
less fluid.
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FDM: standard approach

• Concern 1. What is the true sound speed? 

• Concern 2. At small scales, the field density and pressure 
perturbations oscillate rapidly, and then the effective sound 
speed is not well defined. 

• Concern 3. The fluid formalism has to be manually adapted to 
give accurate enough results. 

• Concern 4. It only works for fuzzy dark matter.

Caveats and difficulties: linear perturbations
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FIG. 4. Left: Our e↵ective fluid approximation (red) dramatically decreases the error in the axion density today ⇢ax|today as
compared to the usual e↵ective fluid approximation (blue) often constructed in the literature by matching the instantaneous
energy density of the axion at the switch epoch m/H⇤. The star denotes our reference solution scheme in which we switch
from solving the Klein-Gordon solution to the EFA at m/H⇤ = 10 and therefore achieve subpercent accuracy at the level of
the background. Our approach also shows an accelerated convergence rate relative to the usual EFA. Right: The convergence
rate of our approach depends on the approximate equation of state we use to evolve the e↵ective fluid, and although wCDM = 0
(orange) performs better than an interpolating winterp (16) (blue) for switches in the oscillatory regime, our choice w

efa

ax (17)
(red) is so good that the matching error from Fig. 2 dominates over this evolution error. The accuracy in this figure is measured
relative to a very late switch time m/H⇤ = 104. For further discussion see §II A 2.

error which converges only as (m/H⇤)�1. On the other
hand, our construction of the e↵ective fluid eliminates
the matching and evolution errors and allows even very
early switch times m/H⇤ = 10 to reach better than 0.1%
accuracy. This m/H⇤ = 10 choice, marked with a star,
is our reference solution scheme.

The right panel of Fig. 4 shows how our accuracy de-
pends on the equation of state we choose, highlighting the
importance of choosing the correct approximate equa-
tion of state to eliminate the evolution error. While our
choice w

efa

ax
= (3/2)(m/H)�2 (17) performs so well that

the dominant error of our scheme is the matching error
from Fig. 2, the choices wCDM and winterp yield much
larger errors.

⇤ ⇤ ⇤

Our scheme for the background reaches accuracy bet-
ter than 0.1% in the final axion density with a switch to
the EFA at m/H⇤ = 10 — before the axion field has even
completed a full oscillation. We did this by constructing
the e↵ective fluid in such a way as to minimize the match-
ing error between the exact e↵ective fluid and the true
axion at late times, and by evolving the e↵ective fluid
approximately using a better axion equation of the state
than the ones commonly used in the literature. We now
develop a similar scheme for the axion perturbations.

B. Perturbations

The analysis of axion perturbations is more compli-
cated than the background because they are continuously

sourced by metric perturbations, and because the den-
sity perturbations have a Jeans scale below which axion
density fluctuations oscillate rather than grow. These
two e↵ects are evident from the perturbed Klein-Gordon
equation in synchronous gauge (e.g. Ref. [44])

�̈� + 2
ȧ

a

˙�� + (k2 + a
2
m

2)�� = �
ḣL

2
�̇ , (18)

which looks like the background equation (2) but for the
new k

2 term and the sourcing by the time derivative of
hL, the trace of the spatial metric perturbation.

We first examine the unsourced homogeneous left hand
side of Eq. (18) in radiation domination. The frequency
k

2 + a
2
m

2
� ä/a now implies oscillations for su�ciently

large k even after averaging over the mass induced oscilla-
tions. These correspond to acoustic or Jeans oscillations
in the e↵ective fluid.

We can better understand the two oscillation scales by
formally extracting the mt = ⌧ term from the argument
of the cosine when we write the WKB solution, obtaining
the leading order solution in the form

�� / cos


⌧ + k

Z
cs�d⌘ + ↵

�
, (19)

where ↵ here is a phase and the sound speed for field
fluctuations is

cs� =

✓
k

am

◆�1

0

@
s

1 +

✓
k

am

◆2

� 1

1

A . (20)

Now if we expand out the cosine into cos(⌧) and sin(⌧)
we can see that even after averaging over the ⌧ scale
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FIG. 7. Left: The e↵ective fluid sound speed �P
ef

ax/�⇢
ef

ax in the k ! 0 limit, multiplied by (m/H)2. The result in the rest
frame (red) extracts the amplitude of the leading order (m/H)2 term in the fluid sound speed, which we use to improve the
field-derived cs� when we construct the e↵ective fluid approximation c

2

s,efa. Right: The e↵ective fluid sound speed �P
ef

ax/�⇢
ef

ax

for k = kJ , multiplied by the leading order scaling (k/am)�2. Our e↵ective fluid approximation c
2

s,efa is a good approximation

for �P
ef

ax/�⇢
ef

ax in the rest frame. In both figures, the e↵ective fluid is constructed at the time m/H⇤ = m/H for each point on
the solid curves. For further discussion see §II B 2.

2. Evolution Error

Just as in the case of the background, we want to ap-
proximate the e↵ective fluid conservation law (30) by re-
placing �P

ef

ax
/�⇢

ef

ax
|rest (32) with an approximate equation

of state c
2

s,efa.

At late times the sound speed goes to zero, but it
should have corrections for finite k/am and (m/H)�1.
The leading order k/am type corrections are encapsu-
lated by the field sound speed c

2

s� (20). In the absence of
metric sourcing and the k/am type oscillations, the lead-
ing order (m/H)�1 type corrections would be the same
as the background wax ⇠ 3/2(m/H)�2. However we find
a deviation from this behavior.

In the left panel of Fig. 7, we plot the exact �P
ef

ax
/�⇢

ef

ax

for a very large-scale mode k ⌧ kJ . For such a mode,
k/am type e↵ects are negligible at late times m/H & 1
and so the field sound speed cs� goes to zero, but
(m/H)�1 e↵ects can still be significant. We can solve
our auxiliary Klein-Gordon equations (26) and (27) for
our �'c,s auxiliary variables, compute �⇢

ef and �P
ef in

synchronous gauge, and then use the gauge transforma-
tions Eq. (34) to access their values in the e↵ective fluid
rest frame, from which we can compute the sound speed.
Just as in the case of the background we do not attempt
to fit the m/H⇤ dependent piece of the sound speed and
therefore we minimize it by setting m/H⇤ = m/H for
each time in the figure.

By doing so we can see directly that the e↵ective sound
speed is not zero as k/am ! 0 but instead exhibits a
O(m/H)�2 type correction as we expected. However the
coe�cient of this (m/H)�2 term is ⇠ 5/4 rather than ⇠

3/2 as might have been naively guessed from the study of

the background. This shows a key benefit of our e↵ective
fluid approach – it enables us to self-calibrate the e↵ective
fluid approximation more e↵ectively than we might have
been able to with analytics alone.

We therefore choose the EFA sound speed

c
2

s,efa = c
2

s� +
5

4

H
2

m2
, (41)

which encompasses the leading order k/am and (m/H)�1

corrections to the asymptotic limit c
2

s ! 0.
In the right panel of Fig. 7, we show that our EFA

sound speed is a good approximation for the sound speed
of the e↵ective fluid for a large k-mode k = kJ . While
the asymptotic behavior is set by the (k/am)2 behavior
of the field sound speed c

2

s�, at m/H = 10 both pieces
of our EFA sound speed are important to successfully
approximate cs. While there is a small di↵erence between
the e↵ective fluid sound speed and our approximation
c
2

s,efa at m/H = 10, the sound speed is relatively small
at this stage (⇠ 0.05) which suppresses the e↵ect of this
small error on the density perturbations.

The pole in the right-hand panel of Fig. 7 corresponds
to a zero crossing in the e↵ective fluid density pertur-
bation �⇢

ef

ax
in synchronous gauge (see the yellow line in

Fig. 8). The gauge transformation to reach the e↵ec-
tive fluid rest frame is highly oscillatory and therefore
the density in that gauge �⇢

ef

ax
|rest (34) also has a nearby

zero. The synchronous gauge pressure perturbation �P
ef

ax

oscillates and therefore the sound speed in synchronous
gauge �P

ef

ax
/�⇢

ef

ax
has a pole. In the rest-frame, however,

�P
ef

ax
|rest does not oscillate and instead has a single zero

at the same time as �⇢
ef

ax
. We infer that numerical errors

near the zero crossing are the cause of the pole in Fig. 7
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FIG. 4. Evolution of the fractional dark-matter density per-
turbation with wave number k = 10�4

h Mpc�1 for the 3 dif-
ferent ULA masses indicated compared to the standard CDM
case (dashed). For these ULA masses, k < km always, and so
soon after a > aosc, the mode behaves just as CDM.

stated in Ref. [153], ignoring the contribution of ULAs
to the cosmic energy density.

We reproduce this solution using the eigenmode
method of Refs. [154–156] in Appendix B. We also con-
firm that this power-series solution is valid up to correc-
tions of order (k⌧)4 for metric and standard fluid per-
turbations, and ⌧/⌧eq for the ULA variables themselves,
even when the contribution of ULAs to the energy den-
sity is included (here ⌧eq is the conformal time at matter-
radiation equality). The initial conformal time for camb
is already chosen such that these parameters are su�-
ciently small to obtain the required precision for compar-
ison with all existing cosmological data of interest, and
so we can safely neglect these corrections to the usual
adiabatic initial conditions. We also require that the in-

tegration begins at an initial scale factor ainit < 100aosc,
where we set �0(⌧) = constant and �̇0(⌧) = 0. In the adi-
abatic mode, ULA perturbations do not evolve or grow at
leading order and early times, but this changes later when
ma � 3H, and the ULA begins to coherently oscillate, a
regime we treat using an e↵ective fluid approximation.

C. E↵ective fluid equations for ULAs

Using the EOMs from Sec. III A with the initial con-
ditions just discussed, and choosing the initial conformal
time so that ⌧init ⌧ ⌧osc and ⇢a ⌧ ⇢� , ⇢a ⌧ ⇢⌫ , ⇢a ⌧ ⇢m,
we use camb to evolve the full system when a < aosc. We
solve independently for the background quantities �, c

2
ad

and wa, and use the history of wa and ẇa to correctly
compute the perturbation evolution.The initial value for
�0 is chosen using the shooting method to obtain the cor-
rect relic density via Eq. (10) and the numerical solution
for �(a).

The homogeneous ULA fields remain roughly frozen
at their initial values until the mass overcomes the Hub-
ble friction, at which point they coherently oscillate with
decaying amplitude and frequency ma. At times when
ma � 3H these oscillations give rise to a large separa-
tion of time scales and direct integration of the scalar
field EOMs becomes computationally prohibitive, even
for modest ULA masses (ma ⇠> 10�27 eV).

To address this di�culty, we use the WKB method
to obtain an e↵ective fluid approximation for perturba-
tions, averaging over the fast-time scale in the problem
and writing evolution equations for the fluid variables av-
eraged over the oscillation time scale m

�1
a

[26, 31, 33, 112–
121]. The behavior of the system is that of a fluid with
the asymptotic behavior shown in Eq. (12), leading to
suppressed structure growth on scales k � km, with a
dramatic cuto↵ when k � kJ. Precisely, in an arbitrary
gauge, the EOM for a scalar-field perturbation is [149]

�̈1 = �2H�̇1 �
�
k
2 + a

2
m

2
a

�
�1 +

⇣
Ȧ � 3ḢL � kB

⌘
�̇0 � 2Aa

2
m

2
a
�0 = 0 , (26)

where HL is the scalar perturbation to the spatial cur-
vature. Following Refs. [118, 119], we make the ansatz
that �0(⌧) = [�+(⌧) cos (ma⌧) + ��(⌧) sin (ma⌧)]/a

3/2

and �1 = ��+(k, ⌧) cos (ma⌧) + ���(k, ⌧) sin (ma⌧). We
choose the “comoving gauge” defined with respect to
the oscillation-averaged fluid [that is, we set v = B

in Eq. (16), which requires that ���(k, ⌧)�+(ma, ⌧) =
��+(k, ⌧)��(ma, ⌧)].

Substituting our ansatz into Eqs.(6)-(15) and Eq. (26),
and assuming that metric perturbations vary only on con-
formal time scales ⌧ ⇠ H�1 � m

�1
a

, we obtain equations
which can be grouped by powers of H/ma. We find that

to leading order in H/ma, and when a � aosc,

c
2
a

⌘ �P

�⇢
=

k
2
/(4m

2
a
a
2)

1 + k2/(4m2
a
a2)

, (27)

which smoothly interpolates between the asymptotic
regimes given in Eq. (12). Going back to synchronous
gauge [and taking average values over the fast time scale,
that is, wa ' 0 and cad ' 0, both easily obtained from
the solution for �0(⌧), Eq. (18), and Eq. (22)], the e↵ec-
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Figure 3. (Color online). Evolution of homogeneous ULA density ⇢ax, as well as perturbation mode evolution of ULA overdensity
�ax, ULA momentum uax, and photon overdensity �� . A single mode is shown with k ⇡ 3kJ(a = arc)/4, where kJ(a) is the
ULA Jeans scale at recombination. We compare results obtained using the exact Klein-Gordon equation with the N = 3 and
N = 100 EFA implementations. The ULA parameters are max = 10�24 eV and ⌦ax/⌦DM = 1.0. The absolute value of �� , ULA
overdensity �ax, and uax are plotted against k⌘, where ⌘ is conformal time. The green line indicates the time of recombination,
with arc being the scale factor at recombination. The y-axis scale is arbitrary.

As �C`/C` / rax and rax ⇠ O(0.1), it stands to rea-
son that the fractional error between all three EFA im-
plementations and the “exact” calculation exceeds the
needed accuracy for unbiased parameter inference, de-
pending on the detailed full structure of the likelihood
function (e.g. parameter degeneracies). To determine if
the errors induced by the EFA significantly a↵ect cosmo-
logical constraints to (or measurements of) ULA DM, we
must compare the scale-dependent error with the infor-
mation content of the CMB, as represented by the Fisher
matrix [129–131]. We now estimate the EFA-induced pa-
rameter bias.

V. Z STATISTIC AND BIAS

We wish to estimate the systematic error in CMB mea-
surements of (or limits on) the axion relic density ⌦ax

from the CMB that results from the use of the EFA. Al-
though a full analysis would require mock datasets and
MCMC analysis, reasonable estimates may be obtained
using standard Fisher-analysis techniques [129–131].

The elements of the Fisher matrix for the CMB

anisotropy power spectrum are given by [127, 129, 132]:

Fij =
X

A,A02{TT,TE,EE}

X

l

fsky
@C

A
l

@�i

@C
A0

l

@�j
(⌅�1

` )AA0 ,

⌅`,AA0 =
D⇣

Ĉ
A
` � C

A
`

⌘ ⇣
Ĉ

A0

` � C
A0

`

⌘E
, (25)

where � = (h, ⌦Bh
2
, ⌦DMh

2
, zre, ns, As, ⌦ax) is a choice

of ⇤CDM parameters, along with the ULA density of ⌦ax

today, and fsky is the sky fraction covered by the CMB
experiment of interest. Here the data covariance matrix
is ⌅`,AA0 . The brackets hi denote an ensemble average

and Ĉ
A
` =

P`
m=�` a

X⇤
` a

Y
` /(2` + 1) is the usual optimal

estimator of angular power spectra using the multipole
moments as data, where the observable A = {X, Y } con-
sists of the pair X, Y 2 {T, E}. We neglect B-mode
(curl) anisotropies here, as our analysis neglects weak
gravitational lensing of the CMB and primordial tensor
modes.

The ULA mass max is varied and the full Fisher matrix
F with elements Fij is recomputed at each value, to see
how biases and parameter errors depend on ULA mass.
The derivative @C

A
` /@�i quantifies the response of the
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FIG. 8. Our reference solution scheme for the axion pertur-
bations. At early times m/H < m/H⇤ = 10, we solve the
exact (solid lines) Klein-Gordon equations of motion for the
axion field. We then switch to the EFA (dashed lines), with
our auxiliary variables providing matching conditions at the
switch. These matching conditions allow the EFA to e↵ec-
tively act as a cycle-averaged axion and thus match the true
axion at late times. Evolution in the EFA is performed with
our optimized equation of state and sound speed. At late
times, axion perturbations are unsupressed relative to CDM
on large scales (purple) but suppressed when k ⇠ kJ (yellow).
The scale k1/2 (red) is defined by �ax/�CDM(k1/2) ⌘ 1/2 at
late times. Complete axion transfer functions are shown in
Fig. 11, and for further discussion see §II B 2.

but their presence has no physical significance.
With the EFA sound speed now appropriately defined,

we finally have a complete e↵ective fluid approximation
for the axion. We summarize it in Fig. 8 for a range
of relevant k. This figure is the perturbation parallel
to the bottom panel of the background Fig. 1. After
solving for the usual Klein-Gordon equation for the axion
field perturbation in the Hubble drag m . H regime, we
switch to the EFA at m/H⇤ = 10.

Before the switch, we compute and show the true axion
density perturbation �ax. After the switch, we compute
and show the e↵ective fluid approximation for the den-
sity perturbation �

efa

ax
. These are discontinuous at the

switch time because the e↵ective fluid approximation is
constructed to match the true axion at late times, rather
than at the matching point.

After evolving to late times in the EFA, the large-scale
mode k ! 0 shows no suppression of the axion perturba-
tions �ax relative to the CDM overdensity �CDM. For the
Jeans scale k = kJ , on the other hand, the suppression
is significant.

We define the mode k1/2 where the axion density per-
turbation today relative to CDM reaches one half, since
this mode represents a point where the suppression is
substantial, but the linear theory power remains appre-
ciable and therefore represents a convenient location to
benchmark accuracy. This is a slightly larger scale than
the Jeans scale, with k1/2 ' 0.54 kJ for a 10�22 eV axion.

We test the full accuracy of our scheme at k1/2 in
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FIG. 9. For a mode k1/2 where the matter power spectrum
yields half its CDM value, we show our technique’s total error
as a function of our switch time parameter m/H⇤ for various
choices of the EFA equation of state c

2

s, computed by com-
paring to a late switch time m/H⇤ = 2 ⇥ 103. Using the field
sound speed cs� (20) or the sound speed cs,HN (42) of Hwang
& Noh (2009) [47], our approach makes a few percent error
for a switch time m/H⇤ = 10. Our EFA sound speed (41)
resolves the bulk of this error and enables us to achieve a
subpercent error with a switch time of m/H⇤ = 10, marked
by a star. For further discussion see §II B 2.

Fig. 9, including the matching errors from §II B 1 and
the evolution errors induced by replacing c

2

s with c
2

s,efa.

We evaluate �
efa

ax
at late times (k/am = 10�4) and check

its dependence on the switch time m/H⇤. We see that
with our choice of EFA sound speed we already reach a
subpercent accuracy at m/H⇤ = 10 for k1/2.

If we had used only the field sound speed cs� (20) to ap-
proximate the e↵ective fluid sound speed, we would have
made a much larger evolution error of several percent.
An alternative sound speed often used in the literature
is derived in Hwang & Noh (2009) [47],

c
2

s,HN
'

k
2

4a2m2 + k2
, (42)

which though it has the same limits as our field sound
speed cs� di↵ers at order k/am. It also does not include
the O(m/H)�2 correction of our c

2

s,efa, and therefore as
shown in Fig. 9 its error properties are similar to those
of cs�, leading to a much larger evolution error than our
c
2

s,efa.
We show in Fig. 10 that the choice of switch epoch

m/H⇤ = 10 yields su�cient accuracy throughout the
range of scales k and axion masses m in which we are
interested by comparing the axion density perturbation
�ax computed with a late switch m/H⇤ = 1000 to our
reference m/H⇤ = 10 scheme. To show di↵erent mass
axions with on the same axes, we scale the horizontal
axis by the mass-dependent k1/2.

The accuracy of our choice m/H⇤ = 10, shown in the



FDM: alternative approach
In order to transform the Klein-Gordon (KG) equation (2.1b), we define a new set of

polar variables based on previous works [97–99],
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1/2
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with which the KG equation can be written, for the particular case of potential (1.1), as a
dynamical system in the form:

✓
0 = �3 sin ✓ + y1 , (2.4a)
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0
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(1 + wtot) y1 +

�

2
⌦� sin ✓ , (2.4b)

⌦0
�

= 3(wtot � w�)⌦� . (2.4c)

Here a prime denotes derivative with respect to the number of e-foldings N ⌘ ln(a/ai),
with a the scale factor of the Universe and ai its initial value. The decay constant appears
explicitly in the newly defined (dimensionless) parameter � = 3/

2
f
2
a , and then the FDM

case with � = 0 (studied in Ref. [98]) is obtained in the limit fa ! 1. In contrast, we see
that the mass parameter ma does not appear at all in the new equations of motion. Following
the classification suggested in [99], the decay constant is an active parameter, whereas the
mass is a passive one that does not have any influence in the evolution of the field �. The
equation of state (EoS) for the axion field is directly related to the dynamical variable ✓ as,

w� ⌘
p�

⇢�
=

x
2 � y

2

x2 + y2
= � cos ✓ . (2.5)

Eq. (2.4) is a compact representation of the KG equation, and they reveal that the true
variables driving the scalar field dynamics are {✓, y1, ⌦�}. They also show that the effect of
the trigonometric potential of Eq. (1.1) is encoded in one free parameter given by �, and then
it will be possible to analyze in one stroke the cosmological properties of both, the axion field
(� > 0) and the FDM case (� = 0), see [93, 98].

2.2 Initial conditions

For a correct numerical implementation of the equations of motion (2.4) within a cosmological
setting, it is necessary to estimate the right initial conditions of the dynamical variables at
very early times. As done in Ref. [98] for the FDM case, in this section we find semi-analytical
solutions for the radiation dominated era and extrapolate them to the present time.

Assuming that all quantities are small and positive, i.e. (✓, y1, ⌦�) ⌧ 1, Eq. (2.4) takes
the form (at linear order),

✓
0 ' �3✓ + y1 , y

0
1 ' 2y1 , ⌦0

�
' 4⌦� , (2.6)

whose analytical solutions are

✓ = (1/5)y1 + C(a/ai)
�3

, y1 = y1i(a/ai)
2
, ⌦� = ⌦�i(a/ai)

4
, (2.7)

where a subscript i denotes the corresponding initial value for each variable. The solu-
tions (2.7) are the same as those of the quadratic potential studied in [98], basically because
the second term on the rhs of Eq. (2.4b) is of second order, which means that at early times
the influence of � in the solutions should be negligible.
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It is important to mention that we have gained physical interpretation for the new dynamical
variable �0: it plays the role of the scalar field density contrast, ��, according to the first
expression in Eq. (2.15a). This implies that Eq. (2.14a) is the closest we can get of a fluid
equation for the scalar field perturbations. The interpretation of �1 remains elusive, and it
remind us of the difficulties to match Eq. (2.13) to a fluid even in the generalized case [105].

For the particular case of the axion field endowed with the potential (1.1), the expres-
sions (2.14) now reads

�
0
0 =


�3 sin ✓ � k

2

k
2
J

(1 � cos ✓)

�
�1 +

k
2

k
2
J

sin ✓�0 �
h̄
0

2
(1 � cos ✓) , (2.16a)

�
0
1 =

"
�3 cos ✓ �

k
2
eff

k
2
J

sin ✓

#
�1 +

k
2
eff

k
2
J

(1 + cos ✓) �0 �
h̄
0

2
sin ✓ , (2.16b)

where we have defined an effective wavenumber of the perturbations as k
2
eff

⌘ k
2��a

2
H

2⌦�/2.
The equations of linear perturbations for the standard FDM case are again obtained when
� = 0, for which k

2
eff

= k
2 is just the standard Laplacian term in Fourier space. Because now

y1 = 2m�/H, the Jeans wavenumber kJ is then the only characteristic scale in the evolution
of linear perturbations, and the responsible for the appearance of a sharp cut-off in their mass
power spectrum: linear perturbations are heavily suppressed for wavenumbers k > kJ . The
Jeans wavenumber is always proportional to the geometric mean of the Hubble parameter H

and the boson mass m, namely kJ = a
p

2Hm, which shows that the cut-off in the MPS is
sensitive to both the parameters of the axion model and to the background expansion. More
details about the cut-off of linear perturbations in the FDM case � = 0 can be found in [98].

2.4 Tachyonic instability

One of the main effects on linear perturbations of axion fields (for � > 0) is the appearance of
an enhancement in the growth of the density contrast �0, that was first discussed in [92, 93,
106] and thereby dubbed as a tachyonic instability. Such instability provokes the appearance
of a bump in the MPS of the perturbations that is well localized in wavenumbers around the
Jeans one kJ .

To have a qualitative understanding of the tachyonic instability, we follow and extend
the procedure already outlined in [93]. Let us write Eqs. (2.16) on rapid oscillations regime,
under which all trigonometric terms are time-averaged to zero, hsin ✓i = hcos ✓i = 0.1 Hence,
we find

�
0
0 = �k
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k
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�1 �
h̄
0

2
, �

0
1 =

k
2
eff

k
2
J

�0 . (2.17a)

1Recently, the authors in [107] made a comparison of the different approximations one can find in the
literature to follow the cosmological evolution of ultra-light bosons. Such approximations, which correspond
to diverse choices in cycle-averaging procedures, are necessary to deal with the rapid oscillations of the
axion field at late times, see the original field equations (2.1) and (2.13). It was there concluded that our
approximation method, which has been used previously in Refs [93, 96], is the closest, compared to others, to
the exact solution of the field equations of motion.
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Linear perturbations

Onset of rapid field oscillations

In order to transform the Klein-Gordon (KG) equation (2.1b), we define a new set of
polar variables based on previous works [97–99],
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with which the KG equation can be written, for the particular case of potential (1.1), as a
dynamical system in the form:
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Here a prime denotes derivative with respect to the number of e-foldings N ⌘ ln(a/ai),
with a the scale factor of the Universe and ai its initial value. The decay constant appears
explicitly in the newly defined (dimensionless) parameter � = 3/
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case with � = 0 (studied in Ref. [98]) is obtained in the limit fa ! 1. In contrast, we see
that the mass parameter ma does not appear at all in the new equations of motion. Following
the classification suggested in [99], the decay constant is an active parameter, whereas the
mass is a passive one that does not have any influence in the evolution of the field �. The
equation of state (EoS) for the axion field is directly related to the dynamical variable ✓ as,
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Eq. (2.4) is a compact representation of the KG equation, and they reveal that the true
variables driving the scalar field dynamics are {✓, y1, ⌦�}. They also show that the effect of
the trigonometric potential of Eq. (1.1) is encoded in one free parameter given by �, and then
it will be possible to analyze in one stroke the cosmological properties of both, the axion field
(� > 0) and the FDM case (� = 0), see [93, 98].

2.2 Initial conditions

For a correct numerical implementation of the equations of motion (2.4) within a cosmological
setting, it is necessary to estimate the right initial conditions of the dynamical variables at
very early times. As done in Ref. [98] for the FDM case, in this section we find semi-analytical
solutions for the radiation dominated era and extrapolate them to the present time.

Assuming that all quantities are small and positive, i.e. (✓, y1, ⌦�) ⌧ 1, Eq. (2.4) takes
the form (at linear order),
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where a subscript i denotes the corresponding initial value for each variable. The solu-
tions (2.7) are the same as those of the quadratic potential studied in [98], basically because
the second term on the rhs of Eq. (2.4b) is of second order, which means that at early times
the influence of � in the solutions should be negligible.
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equation for the scalar field perturbations. The interpretation of �1 remains elusive, and it
remind us of the difficulties to match Eq. (2.13) to a fluid even in the generalized case [105].

For the particular case of the axion field endowed with the potential (1.1), the expres-
sions (2.14) now reads

�
0
0 =


�3 sin ✓ � k

2

k
2
J

(1 � cos ✓)

�
�1 +

k
2

k
2
J

sin ✓�0 �
h̄
0

2
(1 � cos ✓) , (2.16a)

�
0
1 =

"
�3 cos ✓ �

k
2
eff

k
2
J

sin ✓

#
�1 +

k
2
eff

k
2
J

(1 + cos ✓) �0 �
h̄
0

2
sin ✓ , (2.16b)

where we have defined an effective wavenumber of the perturbations as k
2
eff

⌘ k
2��a

2
H

2⌦�/2.
The equations of linear perturbations for the standard FDM case are again obtained when
� = 0, for which k

2
eff

= k
2 is just the standard Laplacian term in Fourier space. Because now

y1 = 2m�/H, the Jeans wavenumber kJ is then the only characteristic scale in the evolution
of linear perturbations, and the responsible for the appearance of a sharp cut-off in their mass
power spectrum: linear perturbations are heavily suppressed for wavenumbers k > kJ . The
Jeans wavenumber is always proportional to the geometric mean of the Hubble parameter H

and the boson mass m, namely kJ = a
p

2Hm, which shows that the cut-off in the MPS is
sensitive to both the parameters of the axion model and to the background expansion. More
details about the cut-off of linear perturbations in the FDM case � = 0 can be found in [98].

2.4 Tachyonic instability

One of the main effects on linear perturbations of axion fields (for � > 0) is the appearance of
an enhancement in the growth of the density contrast �0, that was first discussed in [92, 93,
106] and thereby dubbed as a tachyonic instability. Such instability provokes the appearance
of a bump in the MPS of the perturbations that is well localized in wavenumbers around the
Jeans one kJ .

To have a qualitative understanding of the tachyonic instability, we follow and extend
the procedure already outlined in [93]. Let us write Eqs. (2.16) on rapid oscillations regime,
under which all trigonometric terms are time-averaged to zero, hsin ✓i = hcos ✓i = 0.1 Hence,
we find

�
0
0 = �k

2

k
2
J

�1 �
h̄
0

2
, �

0
1 =

k
2
eff

k
2
J

�0 . (2.17a)

1Recently, the authors in [107] made a comparison of the different approximations one can find in the
literature to follow the cosmological evolution of ultra-light bosons. Such approximations, which correspond
to diverse choices in cycle-averaging procedures, are necessary to deal with the rapid oscillations of the
axion field at late times, see the original field equations (2.1) and (2.13). It was there concluded that our
approximation method, which has been used previously in Refs [93, 96], is the closest, compared to others, to
the exact solution of the field equations of motion.
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cos θ, sin θ → 0

Fully equivalent to CDM

Fully equivalent to CDM, except for some 
surviving terms with scale dependence that lead 

to a cut-off in the MPS



FDM: alternative approach

• After the onset of rapid oscillations : 

• The polar angle is given by . Good agreement with the numerical solution (left figure). 

• The density is given by . The offset from neglecting rapid oscillations can be avoided if 

t > t⋆
θ(t > t⋆) ≃ 2mat − 3π/4

ρ(t > t⋆) = (ρ0/a3)exp ( 3 sin θ⋆

2(θ⋆ + 3π/4) ) θ⋆ = nπ

Nearly-exact solutions

8



FDM: alternative approach

• Concern 1. The field  itself, the equation of state, the density and the pressure, are all 
rapidly oscillating functions! Oscillating terms are shown explicitly in the EOM 

• Concern 2. The sudden switch from field to fluid, made at an arbitrary time, leads to 
an offset of the density to its true value from the field equations. This offset depends 
on the value of the switch time, and this raises accuracy concerns. Accuracy for the 
background evolution is controlled by , and is maximized if . 

• Concern 3. It only works for fuzzy dark matter. It works for other cases, and can 
be easily adapted for a variety of cases.

θ⋆ θ⋆ = nπ

Caveats and difficulties: background

9

2

by a usual fluid approximation. We compare to the ap-
proach taken by AxionCAMB in Appendix A. We con-
clude in §IV.

II. METHOD

The axion field � obeys the Klein-Gordon equation

⇤�(~x, t) = V
0(�(~x, t)) ⇡ m

2
�(~x, t) , (1)

where the approximation of the axion cosine potential
with a quadratic potential V ⇡ m

2
�

2
/2 applies su�-

ciently near the minimum.

Given that this is a wave equation with solutions that
oscillate on the mass time scale t ⇠ m

�1, we wish to find
a computationally tractable way to solve it across cosmo-
logical timescales H

�1

0
to a given accuracy. We restrict

ourselves to linear theory, splitting the axion field �(~x, t)
into a background �(t) and linear perturbations ��(~x, t),
and we develop a procedure for each piece separately.

Schematically, our approach is to decompose the field
� into two auxiliary fields 'c,s which factor out the mass
timescale oscillations starting at some switch time in the
oscillatory regime which we mark with a subscript ‘*’ and
which we parametrize by the ratio m/H⇤ > 1.

For the background, we use a specific combination of
these auxiliary field variables to construct an e↵ective
fluid with density ⇢

ef

ax
in such a way that at late times it

approaches the true energy density of the axion ⇢ax up
to a small matching error suppressed by (m/H⇤)�3.

The e↵ective fluid can be evolved exactly, but it has
the advantage that it does not significantly evolve on the
mass timescale. Therefore its evolution from early to
late times can be accurately approximated in a straight-
forward and computationally e�cient manner with an
e↵ective fluid approximation (EFA), yielding quantities
such as the density ⇢

efa

ax
which approximates its exact

counterpart ⇢
ef

ax
up to a small evolution error which is

also suppressed by (m/H⇤)�3.

We are therefore able to approximate the late-time ax-
ion fluid by evolving e�ciently only our e↵ective fluid ap-
proximations after m/H⇤. We can control the matching
and evolution errors to any desired accuracy by choosing
the switch epoch m/H⇤. We develop a similar procedure
for the perturbations, where there are additional terms
associated with Jeans oscillations, and we find that a very
modest switch parameter value m/H⇤ = 10 is already
su�cient to obtain subpercent accuracy for observable
quantities like the axion transfer function out to scales
where the linear power remains appreciable. The param-
eter value m/H⇤ = 10 corresponds to solving less than
one oscillation of the axion field exactly, after which the
axion is evolved only in the e↵ective fluid approximation.

A. Background

The equation of motion for the background is

�̈ + 2
ȧ

a
�̇ + a

2
m

2
� = 0 , (2)

with overdots denoting derivatives with respect to the
conformal time ⌘ =

R
dt/a. At early times m/H ⌧ 1

the field is frozen by Hubble drag and behaves like a
dark energy component to the universe’s energy budget.
As H drops below m, the field is released and oscillates
around its potential minimum, with its energy density
redshifting as cold dark matter once m/H � 1.

When the expansion rate is a power law in time, the
background (2) has an exact solution in terms of Bessel
functions (see, e.g., Ref. [7]). We can employ this solu-
tion in the radiation dominated regime, but in order to
also establish some groundwork for the analysis of pertur-
bations, which do not admit such a solution, we instead
focus on the WKB solution for the background in the
oscillatory regime. The squared frequency of the oscilla-
tor a

2
m

2
� ä/a goes to a

2
m

2 in radiation domination or
when m/H � 1, so the asymptotic solution is a harmonic
oscillator

� !
C1

m1/2a3/2
cos [⌧ + C2] , (3)

where ⌧ ⌘ mt is a convenient time variable in the oscil-
latory regime and C1 and C2 are constants determined
by the initial conditions.

The oscillating field admits a description in terms of
its energy density and pressure,

⇢ax ⌘
1

2

✓
d�

dt

◆2

+ V ,

Pax ⌘
1

2

✓
d�

dt

◆2

� V , (4)

which approach

a
3
⇢ax / 1 + O

✓
cos [2⌧ ]

⇣
m

H

⌘�1

,

⇣
m

H

⌘�2
◆

, (5)

a
3
Pax / cos [2(⌧ + C2)] + O

✓
cos [2⌧ ]

⇣
m

H

⌘�1

,

⇣
m

H

⌘�2
◆

where the cos[2⌧ ] factors here signify that the neglected
terms oscillate on the 2⌧ timescale; they are not meant to
imply a specific phase of the oscillations in the neglected
term.

On the cycle average, this representation of the axion
looks like pressureless matter to order O(m/H)�2, so
the usual approach to avoiding the axion’s timescale hi-
erarchy used in state-of-the-art codes like AxionCAMB
[41] is to solve the Klein-Gordon equation exactly until
the oscillations begin, with the default setting in Axion-
CAMB defining this as m/H = 3, and then compute the
axion energy density and evolve it forward as a pressure-
less fluid.
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FDM: alternative approach

• Concern 1. What is the true sound speed? No need to define a sound speed. 
• Concern 2. At small scales, the field density and pressure perturbations oscillate 

rapidly, and then the effective sound speed is not well defined. See above. 
• Concern 3. The fluid formalism has to be manually adapted to give accurate 

enough results. Accuracy for the evolution is again controlled by , and is 
maximized if . 

• Concern 4. It only works for fuzzy dark matter. It works for other cases, and 
can be easily adapted for a variety of cases.

θ⋆
θ⋆ = nπ

Caveats and difficulties: linear perturbations
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FIG. 4. Left: Our e↵ective fluid approximation (red) dramatically decreases the error in the axion density today ⇢ax|today as
compared to the usual e↵ective fluid approximation (blue) often constructed in the literature by matching the instantaneous
energy density of the axion at the switch epoch m/H⇤. The star denotes our reference solution scheme in which we switch
from solving the Klein-Gordon solution to the EFA at m/H⇤ = 10 and therefore achieve subpercent accuracy at the level of
the background. Our approach also shows an accelerated convergence rate relative to the usual EFA. Right: The convergence
rate of our approach depends on the approximate equation of state we use to evolve the e↵ective fluid, and although wCDM = 0
(orange) performs better than an interpolating winterp (16) (blue) for switches in the oscillatory regime, our choice w

efa

ax (17)
(red) is so good that the matching error from Fig. 2 dominates over this evolution error. The accuracy in this figure is measured
relative to a very late switch time m/H⇤ = 104. For further discussion see §II A 2.

error which converges only as (m/H⇤)�1. On the other
hand, our construction of the e↵ective fluid eliminates
the matching and evolution errors and allows even very
early switch times m/H⇤ = 10 to reach better than 0.1%
accuracy. This m/H⇤ = 10 choice, marked with a star,
is our reference solution scheme.

The right panel of Fig. 4 shows how our accuracy de-
pends on the equation of state we choose, highlighting the
importance of choosing the correct approximate equa-
tion of state to eliminate the evolution error. While our
choice w

efa

ax
= (3/2)(m/H)�2 (17) performs so well that

the dominant error of our scheme is the matching error
from Fig. 2, the choices wCDM and winterp yield much
larger errors.

⇤ ⇤ ⇤

Our scheme for the background reaches accuracy bet-
ter than 0.1% in the final axion density with a switch to
the EFA at m/H⇤ = 10 — before the axion field has even
completed a full oscillation. We did this by constructing
the e↵ective fluid in such a way as to minimize the match-
ing error between the exact e↵ective fluid and the true
axion at late times, and by evolving the e↵ective fluid
approximately using a better axion equation of the state
than the ones commonly used in the literature. We now
develop a similar scheme for the axion perturbations.

B. Perturbations

The analysis of axion perturbations is more compli-
cated than the background because they are continuously

sourced by metric perturbations, and because the den-
sity perturbations have a Jeans scale below which axion
density fluctuations oscillate rather than grow. These
two e↵ects are evident from the perturbed Klein-Gordon
equation in synchronous gauge (e.g. Ref. [44])

�̈� + 2
ȧ

a

˙�� + (k2 + a
2
m

2)�� = �
ḣL

2
�̇ , (18)

which looks like the background equation (2) but for the
new k

2 term and the sourcing by the time derivative of
hL, the trace of the spatial metric perturbation.

We first examine the unsourced homogeneous left hand
side of Eq. (18) in radiation domination. The frequency
k

2 + a
2
m

2
� ä/a now implies oscillations for su�ciently

large k even after averaging over the mass induced oscilla-
tions. These correspond to acoustic or Jeans oscillations
in the e↵ective fluid.

We can better understand the two oscillation scales by
formally extracting the mt = ⌧ term from the argument
of the cosine when we write the WKB solution, obtaining
the leading order solution in the form

�� / cos


⌧ + k

Z
cs�d⌘ + ↵

�
, (19)

where ↵ here is a phase and the sound speed for field
fluctuations is

cs� =

✓
k

am

◆�1

0

@
s

1 +

✓
k

am

◆2

� 1

1

A . (20)

Now if we expand out the cosine into cos(⌧) and sin(⌧)
we can see that even after averaging over the ⌧ scale
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FIG. 7. Left: The e↵ective fluid sound speed �P
ef

ax/�⇢
ef

ax in the k ! 0 limit, multiplied by (m/H)2. The result in the rest
frame (red) extracts the amplitude of the leading order (m/H)2 term in the fluid sound speed, which we use to improve the
field-derived cs� when we construct the e↵ective fluid approximation c

2

s,efa. Right: The e↵ective fluid sound speed �P
ef

ax/�⇢
ef

ax

for k = kJ , multiplied by the leading order scaling (k/am)�2. Our e↵ective fluid approximation c
2

s,efa is a good approximation

for �P
ef

ax/�⇢
ef

ax in the rest frame. In both figures, the e↵ective fluid is constructed at the time m/H⇤ = m/H for each point on
the solid curves. For further discussion see §II B 2.

2. Evolution Error

Just as in the case of the background, we want to ap-
proximate the e↵ective fluid conservation law (30) by re-
placing �P

ef

ax
/�⇢

ef

ax
|rest (32) with an approximate equation

of state c
2

s,efa.

At late times the sound speed goes to zero, but it
should have corrections for finite k/am and (m/H)�1.
The leading order k/am type corrections are encapsu-
lated by the field sound speed c

2

s� (20). In the absence of
metric sourcing and the k/am type oscillations, the lead-
ing order (m/H)�1 type corrections would be the same
as the background wax ⇠ 3/2(m/H)�2. However we find
a deviation from this behavior.

In the left panel of Fig. 7, we plot the exact �P
ef

ax
/�⇢

ef

ax

for a very large-scale mode k ⌧ kJ . For such a mode,
k/am type e↵ects are negligible at late times m/H & 1
and so the field sound speed cs� goes to zero, but
(m/H)�1 e↵ects can still be significant. We can solve
our auxiliary Klein-Gordon equations (26) and (27) for
our �'c,s auxiliary variables, compute �⇢

ef and �P
ef in

synchronous gauge, and then use the gauge transforma-
tions Eq. (34) to access their values in the e↵ective fluid
rest frame, from which we can compute the sound speed.
Just as in the case of the background we do not attempt
to fit the m/H⇤ dependent piece of the sound speed and
therefore we minimize it by setting m/H⇤ = m/H for
each time in the figure.

By doing so we can see directly that the e↵ective sound
speed is not zero as k/am ! 0 but instead exhibits a
O(m/H)�2 type correction as we expected. However the
coe�cient of this (m/H)�2 term is ⇠ 5/4 rather than ⇠

3/2 as might have been naively guessed from the study of

the background. This shows a key benefit of our e↵ective
fluid approach – it enables us to self-calibrate the e↵ective
fluid approximation more e↵ectively than we might have
been able to with analytics alone.

We therefore choose the EFA sound speed

c
2

s,efa = c
2

s� +
5

4

H
2

m2
, (41)

which encompasses the leading order k/am and (m/H)�1

corrections to the asymptotic limit c
2

s ! 0.
In the right panel of Fig. 7, we show that our EFA

sound speed is a good approximation for the sound speed
of the e↵ective fluid for a large k-mode k = kJ . While
the asymptotic behavior is set by the (k/am)2 behavior
of the field sound speed c

2

s�, at m/H = 10 both pieces
of our EFA sound speed are important to successfully
approximate cs. While there is a small di↵erence between
the e↵ective fluid sound speed and our approximation
c
2

s,efa at m/H = 10, the sound speed is relatively small
at this stage (⇠ 0.05) which suppresses the e↵ect of this
small error on the density perturbations.

The pole in the right-hand panel of Fig. 7 corresponds
to a zero crossing in the e↵ective fluid density pertur-
bation �⇢

ef

ax
in synchronous gauge (see the yellow line in

Fig. 8). The gauge transformation to reach the e↵ec-
tive fluid rest frame is highly oscillatory and therefore
the density in that gauge �⇢

ef

ax
|rest (34) also has a nearby

zero. The synchronous gauge pressure perturbation �P
ef

ax

oscillates and therefore the sound speed in synchronous
gauge �P

ef

ax
/�⇢

ef

ax
has a pole. In the rest-frame, however,

�P
ef

ax
|rest does not oscillate and instead has a single zero

at the same time as �⇢
ef

ax
. We infer that numerical errors

near the zero crossing are the cause of the pole in Fig. 7
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FIG. 4. Evolution of the fractional dark-matter density per-
turbation with wave number k = 10�4

h Mpc�1 for the 3 dif-
ferent ULA masses indicated compared to the standard CDM
case (dashed). For these ULA masses, k < km always, and so
soon after a > aosc, the mode behaves just as CDM.

stated in Ref. [153], ignoring the contribution of ULAs
to the cosmic energy density.

We reproduce this solution using the eigenmode
method of Refs. [154–156] in Appendix B. We also con-
firm that this power-series solution is valid up to correc-
tions of order (k⌧)4 for metric and standard fluid per-
turbations, and ⌧/⌧eq for the ULA variables themselves,
even when the contribution of ULAs to the energy den-
sity is included (here ⌧eq is the conformal time at matter-
radiation equality). The initial conformal time for camb
is already chosen such that these parameters are su�-
ciently small to obtain the required precision for compar-
ison with all existing cosmological data of interest, and
so we can safely neglect these corrections to the usual
adiabatic initial conditions. We also require that the in-

tegration begins at an initial scale factor ainit < 100aosc,
where we set �0(⌧) = constant and �̇0(⌧) = 0. In the adi-
abatic mode, ULA perturbations do not evolve or grow at
leading order and early times, but this changes later when
ma � 3H, and the ULA begins to coherently oscillate, a
regime we treat using an e↵ective fluid approximation.

C. E↵ective fluid equations for ULAs

Using the EOMs from Sec. III A with the initial con-
ditions just discussed, and choosing the initial conformal
time so that ⌧init ⌧ ⌧osc and ⇢a ⌧ ⇢� , ⇢a ⌧ ⇢⌫ , ⇢a ⌧ ⇢m,
we use camb to evolve the full system when a < aosc. We
solve independently for the background quantities �, c

2
ad

and wa, and use the history of wa and ẇa to correctly
compute the perturbation evolution.The initial value for
�0 is chosen using the shooting method to obtain the cor-
rect relic density via Eq. (10) and the numerical solution
for �(a).

The homogeneous ULA fields remain roughly frozen
at their initial values until the mass overcomes the Hub-
ble friction, at which point they coherently oscillate with
decaying amplitude and frequency ma. At times when
ma � 3H these oscillations give rise to a large separa-
tion of time scales and direct integration of the scalar
field EOMs becomes computationally prohibitive, even
for modest ULA masses (ma ⇠> 10�27 eV).

To address this di�culty, we use the WKB method
to obtain an e↵ective fluid approximation for perturba-
tions, averaging over the fast-time scale in the problem
and writing evolution equations for the fluid variables av-
eraged over the oscillation time scale m

�1
a

[26, 31, 33, 112–
121]. The behavior of the system is that of a fluid with
the asymptotic behavior shown in Eq. (12), leading to
suppressed structure growth on scales k � km, with a
dramatic cuto↵ when k � kJ. Precisely, in an arbitrary
gauge, the EOM for a scalar-field perturbation is [149]

�̈1 = �2H�̇1 �
�
k
2 + a

2
m

2
a

�
�1 +

⇣
Ȧ � 3ḢL � kB

⌘
�̇0 � 2Aa

2
m

2
a
�0 = 0 , (26)

where HL is the scalar perturbation to the spatial cur-
vature. Following Refs. [118, 119], we make the ansatz
that �0(⌧) = [�+(⌧) cos (ma⌧) + ��(⌧) sin (ma⌧)]/a

3/2

and �1 = ��+(k, ⌧) cos (ma⌧) + ���(k, ⌧) sin (ma⌧). We
choose the “comoving gauge” defined with respect to
the oscillation-averaged fluid [that is, we set v = B

in Eq. (16), which requires that ���(k, ⌧)�+(ma, ⌧) =
��+(k, ⌧)��(ma, ⌧)].

Substituting our ansatz into Eqs.(6)-(15) and Eq. (26),
and assuming that metric perturbations vary only on con-
formal time scales ⌧ ⇠ H�1 � m

�1
a

, we obtain equations
which can be grouped by powers of H/ma. We find that

to leading order in H/ma, and when a � aosc,

c
2
a

⌘ �P

�⇢
=

k
2
/(4m

2
a
a
2)

1 + k2/(4m2
a
a2)

, (27)

which smoothly interpolates between the asymptotic
regimes given in Eq. (12). Going back to synchronous
gauge [and taking average values over the fast time scale,
that is, wa ' 0 and cad ' 0, both easily obtained from
the solution for �0(⌧), Eq. (18), and Eq. (22)], the e↵ec-

?

?
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V (�) = m2
af

2
a [1� cos(�/fa)]
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analysis, as proposed in the references above, can not be done directly for the
model in turn and therefore we opted to work with the 3D MPS from [116] as a
proxy to find how constraints to the axion mass relaxes when we consider the full
axion potential. More reliable constraints to the axion mass should arise from a
dedicated analysis of the Lyman alpha forest observations.

Therefore, the presence of � in our analysis plays a key role in the axion mass
constraint: it allows to the SFDM model with a fiducial mass of m� ' 10�22eV to
be in agreement with the bounds impose by Lyman-↵ observations, as we have
anticipated from the P

1D in Section 3.3 (see Figure 7). In this sense, whereas
CMB observations impose a direct bound on m�, in the case of Lyman-↵ forest
what we have is the most likely values for the axion mass such that they are in
agreement with the ⇤CDM–based data from the inferred Lyman-↵ 3D MPS.
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Figure 8: 1D and 2D posterior distributions for the axion field parameters m� and � in log-
arithmic scale. When considering the CMB observations from Planck 2018 (blue),
we can set a lower bound for the value of the axion mass of logm� = �23.99 at
95.5% C.L. (blue dashed line). On the other hand, Lyman-↵ data (green) imposes
a stronger constraint on the mass given by logm� = �21.96 at 95.5% C.L. (green
dashed line). Orange and red lines in the 2D posterior represent numerical and
physical limits respectively. See text for more details.

We also show in Figure 8 two limits: (1) a numerical one given by the extreme
case of � for a given axion mass m� (orange line), and (2) a physical one given
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ma ≳ 10−22 eV/c2 (95.5 % CL)
Linares-Cedeño, González-Morales, U-L et al, PRD 96 (2017) 061301(R)
Linares-Cedeño, González-Morales, U-L, JCAP 1, 051 (2021), arXiv:2006.05037

Available prior volume: no evidence for an extra parameter!

JCAP01(2021)051

Figure 6. MPS for SFDM with axion masses m�/eV= 10�22, 10�23, and � from zero up to the
maximum values reached for each axion mass. It can be noted that, for all the axion masses considered
there is a cut-o↵ at small scales (larger k’s), and even more, there is an enhancement of the MPS at
such scales when considering large values of the parameter �. Cosmological data from BOSS DR11
(yellow dots) [115], and from Ly↵ forest (black dots) [116] are shown for reference.

from the Lyman-↵ forest data reported by [116], in order to impose constraints on our model
from small scale structures. It is important to mention that what we are using is a Lyman-
↵ 3D MPS at redshift z = 0, which the authors in [116] have inferred from the 1D flux
power spectrum measured by the BOSS and eBOSS collaboration [126]. Inferring the linear
matter spectrum at z = 0 is a highly model-dependent process, and therefore, the constraints
obtained in this work from Lyman-↵ have to be understood as how much SFDM can deviate
from the CDM case, which is the fiducial model considered in [116], and should only be read
as an approximation for what is the e↵ect of having the full axion potential on the constraints
for the axion mass.
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FDM: alternative approach
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Implications for statistical inference

• Cookmeyer et al, PRD 101, 023501 (2020). 
Rule of thumb implies that bias-free 
parameter inference requires 

. 

• This condition is violated in the fluid 
approximation. 

• U-L, Linares, in preparation. The 
alternative approach keeps errors below 
the required accuracy already for 

ΔCℓ/Cℓ ≲ 3/ℓ

θ⋆ = 30π
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Figure 4. (Color online). We compare CMB power spectra with no axions (⇤CDM) to those with ULAs of the specified mass
and fraction rax = ⌦ax/⌦DM where the EFA is used when max/~ > NH (in units where c = 1). The “exact” implementation
sets N = 104. The values of rax and max shown here are ruled out by the data, but shown here for purposes of illustration. Top
panels and bottom left panel : Temperature/polarization auto and cross anisotropy power spectra as labeled, with Fisher-level
binned ⇤CDM error bars obtained as described in the text. Bottom right panel: Here we show the relative error between the
“exact” solution and two EFA implementations (N = 3 and N ⇡ 100). The black curve (3/`) is a rough precision threshold
beyond which parameter biases may be significant [126]. If this curve is exceeded at many ` values by the actual EFA relative
errors, an explicit computation of bias is needed to assess the full implications of these errors for cosmological parameter
inference and ULA constraints.

observables to the ⇤CDM and ULA parameters of inter-
est; typically this derivative must be obtained numeri-
cally using a Boltzmann code, though for As, the deriva-
tive may be obtained analytically (@C
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` /@As = C
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If we compute the Fisher matrix for a theoretical scenario
and some experiment, we may forecast the error on the
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where N

A
` is the noise power spectrum for the observ-

able AA. The remaining elements follow trivially since
⌅`,A0A = ⌅`,AA0 . The above covariance matrix takes into
account both the cosmic variance, and the noise of the
detector [132]. We use the usual approximations of Ref.
[133], with an overall amplitude noise amplitude �

2

A in
(µK)2. The instrument beam is assumed to be Gaus-

10

102 103

`

10 20 30

�150

�100

�50

0

50

100
C

TE `
`
(`

+
1)

/
2p

[µ
K

2 ]

`

`

102 103

`

10�4

10�1

� � ��C
TT `

C
TT `

� � �

10�4

10�1

102

� � ��C
TE `

C
TE `

� � �

10 20 30

10�5

10�2

� � ��C
EE `

C
EE `

� � �

Figure 4. (Color online). We compare CMB power spectra with no axions (⇤CDM) to those with ULAs of the specified mass
and fraction rax = ⌦ax/⌦DM where the EFA is used when max/~ > NH (in units where c = 1). The “exact” implementation
sets N = 104. The values of rax and max shown here are ruled out by the data, but shown here for purposes of illustration. Top
panels and bottom left panel : Temperature/polarization auto and cross anisotropy power spectra as labeled, with Fisher-level
binned ⇤CDM error bars obtained as described in the text. Bottom right panel: Here we show the relative error between the
“exact” solution and two EFA implementations (N = 3 and N ⇡ 100). The black curve (3/`) is a rough precision threshold
beyond which parameter biases may be significant [126]. If this curve is exceeded at many ` values by the actual EFA relative
errors, an explicit computation of bias is needed to assess the full implications of these errors for cosmological parameter
inference and ULA constraints.

observables to the ⇤CDM and ULA parameters of inter-
est; typically this derivative must be obtained numeri-
cally using a Boltzmann code, though for As, the deriva-
tive may be obtained analytically (@C

A
` /@As = C

A
` /As).

If we compute the Fisher matrix for a theoretical scenario
and some experiment, we may forecast the error on the
best fit parameters via ��i =

p
(F�1)ii, assuming that

the parameter likelihood (given the data) distribution is
Gaussian.

The elements of the data covariance matrix are [132,

133]

⌅`,AA =
2

2` + 1

�
C

A
` + N

A
`

�2
; A 2 {TT,EE}

⌅`,TTEE =
2

2` + 1
(CTE

` )2

⌅`,TETE =
1

2` + 1

⇥
(CTE

` )2 + (CTT

` + N
TT

` )(CEE

` + N
EE

` )
⇤

⌅`,TETT =
2

2` + 1
C

TE

` (CTT

` + N
TT

` )

⌅`,TEEE =
2

2` + 1
C

TE

` (CEE

` + N
EE

` )

N
A
` = �

2

AAe
`(`+1)✓FWHM/(8 ln 2)

,

(26)
where N

A
` is the noise power spectrum for the observ-

able AA. The remaining elements follow trivially since
⌅`,A0A = ⌅`,AA0 . The above covariance matrix takes into
account both the cosmic variance, and the noise of the
detector [132]. We use the usual approximations of Ref.
[133], with an overall amplitude noise amplitude �

2

A in
(µK)2. The instrument beam is assumed to be Gaus-



Conclusions

• Ultra-light axions have been under scrutiny for more than two 
decades. 

• It’s a good scientific model: it can be falsified by different ranges of 
observations. 

• Accurate solutions of the cosmological EOM are required for the 
comparison with forthcoming observations.  

• But the method should be also appropriate for its inclusion in 
Boltzmann codes without spoiling adaptability and speed of the 
numerical solutions. 

• For FDM, the axion mass is the scale of reference:
 

• But other models may show interesting features. The alternative 
method can handle them easily. 

• Ultimate challenge: to be sure about the different assumptions and 
how the affect the constraints on the model.

LC =
h

mac
= 0.4 m−1

a22 pc LdB =
h

mav
= 400 m−1

a22 pc

Astro2020 Science White Paper: Gravitational probes of ultra-light axions  
Grin et al, ArXiv 1904:09003
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¡Gracias! Thank you!

5

10�34 10�32 10�30 10�28 10�26 10�24 10�22 10�20 10�18 10�16 10�14 10�12 10�10

Axion Mass ma [eV]

10�5

10�4

10�3

10�2

10�1

100

C
os

m
ic

D
en

si
ty

�
a

Planck 2� exclusion
nearly CV-limited CMB
GUT-Scale fa

Ly-↵
Ly-↵ future
Reionization
Eridanus-II
FDM Hints
BHSR
Pulsar Timing (SKA)

ÜÜÜ°ÃV �>�°V��ÊÊ - 
 � / �� �
 Ê��, �
 � Ê xÎ

}À�ÜÌ�ÊÃ«ÕÀÌÃ]ÊÌ�iÊ>VVÀiÌ��}Ê}>ÃÊÃ���iÃÊ�ÕV�Ê��ÀiÊLÀ�}�Ì�ÞÊ
Ì�>�ÊÌ�iÊi�Ì�ÀiÊÀiÃÌÊ�vÊÌ�iÊ}>�>ÝÞ]Ê«À�`ÕV��}Ê>ÊµÕ>Ã>À°Ê/�iÊ
-��>�Ê��}�Ì>�Ê-�ÞÊ-ÕÀÛiÞÊ�>ÃÊÀiÛi>�i`ÊÌ�>ÌÊµÕ>Ã>ÀÃÊÜ�Ì�ÊL�>V�Ê
���iÃÊ�vÊ��ÀiÊÌ�>�Ê>ÊL������ÊÃ��>ÀÊ�>ÃÃiÃÊ>�Ài>`ÞÊiÝ�ÃÌi`Ê>ÌÊ>Ê
V�Ã��VÊ>}iÊ�vÊ��iÊL������ÊÞi>ÀÃ°Ê��ÜÊ`�`ÊÃÕV�Ê�>ÃÃ�ÛiÊL�>V�Ê
���iÃÊV��iÊÌ�ÊiÝ�ÃÌÊÃ�Êi>À�Þ¶Ê7�ÞỀ �`ÊÌ�iÞÊÃÌ�«Ê}À�Ü��}¶
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}>�>Ý�iÃÊ`ÕÀ��}ÊÌ�iÊi«�V�Ê�vÊÀi����â>Ì���Ê�i>Ìi`ÊÌ�iÊV�Ã��VÊ
}>ÃÊ>�`ÊÃÕ««ÀiÃÃi`ÊÌ�iÊv�À�>Ì���Ê�vÊ�iÜÊ��Ü��>ÃÃÊ}>�>Ý�iÃ°Ê
��ÜÊ`�`ÊÌ��ÃÊÃÕ««ÀiÃÃ���ÊÕ�v��`Ê�ÛiÀÊÌ��i¶Ê7��V�Ê�vÊÌ�iÊ
`Ü>ÀvÊ}>�>Ý�iÃÊÜiÊw�`ÊÌ�`>ÞÊÜiÀiÊ>�Ài>`ÞÊ��ÊiÝ�ÃÌi�ViÊ>ÌÊÌ�iÊ
Li}�����}¶Ê/�iÃiÊ>ÀiÊ���ÞÊ>ÊviÜÊ�vÊÌ�iÊ�>�ÞÊµÕiÃÌ���ÃÊÜ��ÃiÊ
>�ÃÜiÀÃÊ��iÊ��ÊÌ�iÊ�>À�Ê�}iÃ°Ê

����/� �Ê1*Ê/�Ê
"-�"-Ê

Ç£äÊ�������ÊÞi>ÀÃ
x°xÊ�������Ê��}�Ì�Þi>ÀÃ
£°nÊ�iÌiÀÃ

/�iÊ���ÞÊÀi�>����}Ê
�iÕÌÀ>�Ê�Þ`À�}i�ÊÊ
�ÃÊV��Vi�ÌÀ>Ìi`ÊÊ
��Ê}>�>Ý�iÃ°

ÈÓäÊ�������ÊÞi>ÀÃ
x°äÊ�������Ê��}�Ì�Þi>ÀÃ
Ó°äÊ�iÌiÀÃ

/�iÊLÕLL�iÃÊ�>ÛiÊ
�iÀ}i`Ê>�`Ê�i>À�ÞÊ
Ì>�i�Ê�ÛiÀÊ>��Ê�vÊÃ«>Vi°

x{äÊ�������ÊÞi>ÀÃ
{°ÈÊ�������Ê��}�Ì�Þi>ÀÃ
Ó°£Ê�iÌiÀÃ

/�iÊLÕLL�iÃÊ>Ài
Li}�����}ÊÌ�Ê
��ÌiÀV���iVÌ°

{ÈäÊ�������ÊÞi>ÀÃ
{°£Ê�������Ê��}�Ì�Þi>ÀÃ
Ó°{Ê�iÌiÀÃ

 iÜÊÃÌ>ÀÃÊ>�`
µÕ>Ã>ÀÃÊv�À�Ê>�`Ê
VÀi>ÌiÊÌ�i�ÀÊ�Ü�Ê
LÕLL�iÃ°

ÎÇäÊ�������ÊÞi>ÀÃ
Î°ÈÊ�������Ê��}�Ì�Þi>ÀÃ
Ó°nÊ�iÌiÀÃ

/�iÃiÊLÕLL�iÃÊ�v
����âi`Ê}>ÃÊ}À�Ü°

Ó�äÊ�������ÊÞi>ÀÃ
Î°äÊ�������Ê��}�Ì�Þi>ÀÃ
Î°ÎÊ�iÌiÀÃ

�>��ÌÊÀi`Ê«>ÌV�iÃ
Ã��ÜÊÌ�>ÌÊÌ�iÊÃÌ>ÀÃÊ
>�`ÊµÕ>Ã>ÀÃÊ�>ÛiÊ
Li}Õ�ÊÌ�Ê����âiÊÌ�iÊ
}>ÃÊ>À�Õ�`ÊÌ�i�°

Ó£äÊ�������ÊÞi>ÀÃ
Ó°{Ê�������Ê��}�Ì�Þi>ÀÃ
{°£Ê�iÌiÀÃ

���ÊÌ�iÊ}>ÃÊ�ÃÊ�iÕÌÀ>�°
/�iÊÜ��ÌiÊ>Ài>ÃÊ>ÀiÊ
Ì�iÊ`i�ÃiÃÌÊ>�`ÊÜ���Ê
}�ÛiÊÀ�ÃiÊÌ�ÊÌ�iÊwÀÃÌÊ
ÃÌ>ÀÃÊ>�`ÊµÕ>Ã>ÀÃ°

� " ,  Ê / " Ê  8 * � " , 
�i>ÃÕÀ��}ÊÌ�iÊ-�>���-V>�iÊ*�ÜiÀÊ-«iVÌÀÕ�Ê�vÊ
�Ã��VÊ�i�Ã�ÌÞÊ
��ÕVÌÕ>Ì���ÃÊÌ�À�Õ}�ÊÓ£ÊV�Ê/���}À>«�ÞÊ*À��ÀÊÌ�ÊÌ�iÊ«�V�ÊÊ
�vÊ-ÌÀÕVÌÕÀiÊ��À�>Ì���°Ê�LÀ>�>�Ê��iLÊ>�`Ê�>Ì�>ÃÊ<>�`>ÀÀ�>}>Ê��Ê
*�ÞÃ�V>�Ê,iÛ�iÜÊ�iÌÌiÀÃ]Ê6��°Ê�Ó]Ê �°ÊÓ£]Ê*>«iÀÊ �°ÊÓ££Îä£ÆÊ�>ÞÊÓx]ÊÓää{°ÊÊ
*Ài«À��ÌÊ>Û>��>L�iÊ>ÌÊ>ÀÝ�Û°�À}É>LÃÉ>ÃÌÀ��«�ÉäÎ£Ó£Î{

/�iÊ-Ì>ÌiÊ�vÊÌ�iÊ1��ÛiÀÃi°Ê*iÌiÀÊ
��iÃÊ��Ê >ÌÕÀi]Ê6��°Ê{ÎÎ]ÊÊ
«>}iÃÊÓ{nqÓxÈÆÊ�>�Õ>ÀÞÊÓx]ÊÓääx°

��ÀÃÌÊ��}�Ì°Ê�LÀ>�>�Ê��iL°Ê�iVÌÕÀiÊ��ÌiÃÊv�ÀÊÌ�iÊ-��-��iiÊ7��ÌiÀÊ
-V����]Ê�«À��ÊÓääÈ°Ê>ÀÝ�Û°�À}É>LÃÉ>ÃÌÀ��«�ÉäÈäÎÎÈä


�>Ã��}Ê�ÕLL�i½ÃÊ-�>`�ÜÃ\Ê/�iÊ-i>ÀV�Êv�ÀÊ�>�>Ý�iÃÊ>ÌÊÌ�iÊ`}iÊÊ
�vÊ/��i°Ê�ivvÊ�>��«i°Ê����Ê>�`Ê7>�}]ÊÓääÈ°


�Ã����}ÞÊ>ÌÊ��ÜÊ�ÀiµÕi�V�iÃ\Ê/�iÊÓ£ÊV�Ê/À>�Ã�Ì���Ê>�`ÊÌ�iÊ��}��
,i`Ã��vÌÊ1��ÛiÀÃi°Ê-ÌiÛi�Ê�ÕÀ�>�iÌÌ�]Ê-°Ê*i�}Ê"�Ê>�`Ê�À>��Ê	À�}}ÃÊ��Ê
*�ÞÃ�VÃÊ,i«�ÀÌÃÊv�ÀÌ�V����}®°Ê>ÀÝ�Û°�À}É>LÃÉ>ÃÌÀ��«�ÉäÈänäÎÓ

CMB

PTA(SKA)

Reionization

Eridanus � II
BHSR

Ly-�

ULA hints
1

GUT-scale fa

Figure 1. The cosmic window on ultralight axions, showing the reach of various astronomical
probes. Shaded regions are currently excluded. Lines below them indicate the sensitivity of future
experiments/surveys. ULA hints refers to the ULA mass scale suggested by MW-scale challenges.
Local group schematic, Credit: J. T. A. de Jong, Leiden University. Planck CMB map, Credit
ESA, http://www.esa.int. Black-hole super-radiance schematic [85] used with permission from
American Physical Society, License RNP/19/MAR/012767. PTA Schematic Image Credit: David

Champion. Lyman Alpha Schematic, Image Credit: Ned Wright. Reionization schematic used
with permission from artist, J. F. Podevin, originally used in Ref. [86].

III. AXIONS AND THE CMB

In the DE-like mass window, ULAs roll slowly down their potential as a dark-energy
component, shifting CMB acoustic peaks to smaller angular scales (higher `), and increasing
the largest scale anisotropies due to gravitational potential-well decay for 0 . z . 3300
[15, 16, 87–90]. In the DM-like mass window, the imprint of ULAs on the Hubble expansion
and perturbation growth alters peak heights measured in the temperature and E-mode
polarization power spectra [44, 88, 89, 91, 92]. ULAs manifest wave-like properties on
cosmological scales, suppressing density fluctuations the ULA comoving “Jeans scale” � .
�J ⌘ 0.1 Mpc (ma/10�22 eV)�1/2(1 + z)1/4 [4, 10, 43, 44, 89, 92–98], a↵ecting comoving
wavenumbers k > 2⇡/�J. This a↵ects the strength and scale-dependence of gravitational
lensing of the CMB [99–102].

In the window 10�32 eV . ma . 10�26 eV, the imprint of these e↵ects and Planck satellite
data impose the constraint of ⌦a . 10�2, as shown in Fig. 1 [98, 103]. Fig. 1 includes the
e↵ect of CMB lensing, which improves sensitivity by a factor of ⇠ 3 compared with the
unlensed CMB or galaxy clustering. For ma . 10�32 eV (or ma & 10�25 eV), ULA e↵ects
on CMB/galaxy clustering signatures are indistinguishable from a cosmological constant (or
DM) with current data, lifting these constraints [89].

In the next and coming decades, very sensitive experiments like the Simons Observatory
(SO) [104], CMB Stage-4 (CMB-S4) [105], and PICO [106] (e.g., map noise levels of 6 µK-
arcmin, 1 µK-arcmin, and 0.6 µK-arcmin, respectively) will achieve nearly cosmic-variance
limited measurements of CMB primary anisotropies, and reduce lensing reconstruction noise


