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Successes/Issues of ΛCDM

• ΛCDM is very successful on
cosmological scales

• Large Scale Structure
• CMB fluctuations

• However on galactic scales, some
potential issues:

• Dwarf satellite observations
• Core-cusp

• Primary focus: Baryonic
Tully-Fisher Relation (BTFR)

• Mismatch: Simple collapse model
predicts Mb ∝ v3

r ̸= v4
r
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MOND

• MOdified Newtonian Dynamics (MOND) is a phenomenological theory:

f N = mµ

(
a

a0

)
a =

GmMenc

R2
where µ

(
a

a0

)
→

{
1 a ≫ a0

a/a0 a ∼ a0
(1)

where a0 = 1.2 ∗ 10−10

• This leads to aMOND =
√
a0GMenc/R vs. aN = GMenc/R

2

• For circular motion, a ∝ v2
r ⇒ Mb,MOND ∝ v4

r . Matches BTFR!

• Disadvantages: Empirical, no microscopic construction, unsuccessful on
cosmological scales

• MOND and ΛCDM perform well on different scales. What if we combine
them?
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Unified Theory

• New unified theory developed by Berezhiani and Khoury1

• Introduce a massive scalar Φ with U(1) symmetry.
• On large scales, acts as CDM.
• On galactic scales, undergoes a phase transition to a new superfluid phase of

goldstone phonons. Mediate MONDian force between baryons.

• One such theory:

FSFDM =
1

2
(X +m2|Φ|2) + Λ4

6(Λ2
c + |Φ|2)6

(X +m2|Φ|2)3 (2)

where X = gµν∂µΦ∂νΦ
∗

• On cosmological scales, |Φ| and X are small:

FCDM ≈ 1

2
(X +m2|Φ|2) (3)

1L. Berezhiani, J. Khoury, Phys. Rev. D, (2015).
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Unified Theory

• Decompose field into Φ = ρe i(θ+mt)

• For the low energy effective action, assume ρ, θ are slowly varying.

• With some additional work, we obtain the low-energy effective theory:

FMOND = −2Λ(2m)3/2

3
Y
√
|Y | (4)

where Y = θ̇ −mϕN − 1
2m (∇θ)2

• With the inclusion of a coupling to baryons βθσB , in the static limit:

a⃗ = β∇θ = −
√

|β|3Menc

8πΛ

r̂

R
= −

√
a0GMenc

R
r̂ (5)
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Causality Constraints

• In this work, we wished to put these theories to some theoretical tests

• Consider a k-essence theory:

Lk =
√
−gF (X , ϕ) where X =

1

2
gµν∂µϕ∂νϕ (6)

• Want to study high-energy perturbations ϕ = ϕb + ϵ. Eqs. of motion are:

Gµν
ϕ ∂µ∂νϵ =

(
F ′(Xb, ϕb)g

µν + F ′′(Xb, ϕb)∂
µϕb∂

νϕb
)
∂µ∂νϵ = 0 (7)

where ′ = ∂/∂X , and we work to order O(∂2ϵ)

• High energy perturbations propagate on effective background metric Gµν
ϕ
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Global Hyperbolicity

• To prevent CTCs, demand global hyperbolicity of the background metric
(well-defined Cauchy problem2)

• Leads to:3 sig(Gµν
ϕ ) = sig(gµν) = {−,+,+,+}

• Two eigenvalues of Gµν
ϕ are F ′ ⇒ F ′ > 0

• From the determinant: Det[Gµν
ϕ ] < 0 ⇒ F ′ + 2XF ′′ > 0

• No superluminal signal propagation ⇒ F ′′ ≤ 0

• Together, we have 3 “causal” conditions:

(A) A ≡ F ′ > 0

(B) B ≡ F ′ + 2XF ′′ > 0

(C ) C ≡ −F ′′ ≥ 0

(8)

2Y. Aharonov, A. Komar, L. Susskind, Phys. Rev. (1969).
3J. P. Bruneton, Phys. Rev. D (2007).
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Complex Scalar Causality Constraints

• Generalize our causality constraints to scalar with U(1) symmetry:
Φ = ϕ1 + iϕ2.

• Examine high energy perturbations: ϵj = ϵ̃je
ikµx

µ

+ c.c., j ∈ {1, 2}
• Find that high-energy perturbations have two normal modes:

• First mode: k2 = 0 ⇒ corresponds to massless goldstone

• Second mode: More interesting, obeys Gµν
ϕ ∂µ∂νψ = 0, where:

Gµν
ϕ = F ′gµν + F ′′

∑
j

∂µϕ
(b)
j ∂νϕ

(b)
j and ψ =

∑
j

∂µϕ
(b)
j ∂µϵj (9)

where ′ = ∂/∂X , X =
∑

j(∂ϕj)
2/2

• Recover the same constraints A,B,C
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Acauslity in Superfluid DM

• Causality tests of FSFDM:

A =
1

2
+

Λ4

2ζ(Φ)
(X +m2|Φ|2)2 > 0

B = A− 2XC
?
< 0

C = − Λ4

2ζ(Φ)
(X +m2|Φ|2)

?
< 0

(10)

where ζ(Φ) = (Λ2
c + |Φ|2)6

• While A is always positive, what about B and C?
• In the MONDian regime:

B = 4m3Λ4ρ4Y< 0

C = 2mΛ4ρ2Y< 0
(11)

• In the MONDian regime, Y = θ̇ −mϕN − 1
2m (∇θ)2 ≈ − 1

2m (∇θ)2
• Manifestly break causality constraints!
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Generalized SFDM Model

• Can we generalize the Berezhiani, Khoury model to include the missing
quadratic term, as well as higher order terms? We can!

• Our generalized SFDM model4:

Fgen(X ,Φ) = (X +m2|Φ|2)F(Z) where Z ≡ Λ2(X +m2|Φ|2)
(Λ2

c + |Φ|2)3
(12)

The model studied above is: F(Z) = 1
2 + 1

6Z
2

• The causality constraints are:

A = F + ZFZ

B = A− 2XC

C = − Λ2

(Λ2
c + |Φ|2)3

(2FZ + ZFZZ)

(13)

4M. P. Hertzberg, J. A. Litterer, N. Shah, JCAP (2021).
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Generalized SFDM Model

• In the MONDian regime:

Fgen,MOND = −2mρ2YF

(
− 2Λ2m

ρ4
Y

)
(14)

• Impose the following criteria in the MONDian regime:
• The resulting force law must be attractive: ⇒ F > 0
• After the phase transition, ρ is at the minimum of its effective potential F :

⇒ FZ > 0
• To avoid tachyonic instabilities, F,ρρ > 0: ⇒ FZZ < ρ4

4mΛ2Y
FZ

• This results in: A > 0,B< 0,C< 0

• Conclusion: Precisely in the MONDian regime of interest,
the most general SFDM theory manifestly breaks causality constraints
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Conclusions

• ΛCDM has successes on cosmological scales, while MOND has successes on
galactic scales.

• Superfluid DM is a novel theory that retains dark matter on cosmological
scales, and on galactic scales undergoes a phase transition into a superfluid of
phonons which mediate a MONDian force between baryons.

• For relativistic fields which propagate on an effective background metric, the
field’s evolution is causal if the metric is globally hyperbolic. This introduces
constraints on the eqs. of motion.

• We show that for the SFDM model, these causality constraints are broken.

Thank you!
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