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THE LARGE SCALE STRUCTURE

The distribution of matter in the Universe is 
sensitive to:

• properties of dark matter
• nature of dark energy
• neutrino mass scale
• initial condition of the Universe

Ωm, Ωb, h, σ8, ns, Mν
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NON-GAUSSIAN density field

�(k) ⇠ N(0, P (k))

All information contained in 2-pt statistics:


- correlation function

- power spectrum


Higher order statistics are not needed to

describe the field
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NON-GAUSSIAN density field

�(k) ⇠ N(0, P (k)) �(k) ⌧ N(0, P (k))

All information contained in 2-pt statistics:


- correlation function

- power spectrum


Higher order statistics are not needed to

describe the field

NOT all information contained in 2-pt 
statistics


Higher order statistics contain 
information to describe the field

4



A variety of statistics have been proposed to retrieve the cosmological 
information beyond the two point functions

Higher-order statistics: 

- bispectrum

- trispectrum

- …

Different summary 
statistics: 

- peaks

- voids

- scattering transforms

- minimum spanning 

tree

- ….

ρ

Non-linear 
transformations of the 

field: 
- log-transformations

- marked power 

spectra

NON-GAUSSIAN statistics

And many others …
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COSMOLOGY with VOIDS
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Low-density regions are good laboratories to study cosmology 

because

• They are unvirialized, thus they are expected to retain most of their 

initial cosmological information

• They are sensitive to diffuse components such as 

• neutrinos 

• dark energy

• Screening mechanism are inefficient in them
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COSMOLOGY with LOW-DENSITY regions



CDM density field Neutrino density field
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COSMOLOGY with LOW-DENSITY regions



COSMOLOGY with LOW-DENSITY regions
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Low-density regions are good laboratories to study cosmology 

because

• They are unvirialized, thus they are expected to retain most of their 

initial cosmological information

• They are sensitive to diffuse components such as 

• neutrinos 

• dark energy

• Screening mechanism are inefficient in them



Low-density regions are good probe to study cosmology

1. Do 2-pt functions depend on low-density regions?

2. Can we modify standard 2-pt functions to incorporate more information 
from low-density regions?

LOW DENSITY REGIONS
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CORRELATION FUNCTION 

1 + ⇠(r) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)

Correlation function

D
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CORRELATION FUNCTION 

1 + ⇠(r) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)

1 +M(r,�) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)m(~xi,�)m( ~xj ,�)

m̄2

1. m depends on the local density around each point

2. m up-weights low-density regions and down-weights 
high-density regions

Correlation function

Marked correlation function

D

D
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MARKED CORRELATION FUNCTION

m(~x,� = R, p, �s) =


1 + �s

1 + �s + �R(~x)

�p

(M. White 2016) 

1 +M(r,�) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)m(~xi,�)m( ~xj ,�)

m̄2
D
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MARKED CORRELATION FUNCTION

m(~x,� = R, p, �s) =


1 + �s

1 + �s + �R(~x)

�p

(M. White 2016) 

1 +M(r,�) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)m(~xi,�)m( ~xj ,�)

m̄2

R

~x �R(~x) =
1

VR

Z

VR

d3y �(~y)

D
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MARKED CORRELATION FUNCTION

m(~x,� = R, p, �s) =


1 + �s

1 + �s + �R(~x)

�p

(M. White 2016) 

1 +M(r,�) =
V

N2

NX

i,j=1

�(|~xi � ~xj |� r)m(~xi,�)m( ~xj ,�)

m̄2

p > 0
p < 0

up-weight galaxies in low density regions
up-weight galaxies in high density regions

D
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MARKED DENSITY FIELD

Density field

Marked density field 
with p>0

EM et al. 2020
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MARKED POWER SPECTRUM

Marked-standard density cross-power spectrum

R = 10 Mpc/h,     = 0.0 �s

EM et al. 2020
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MARKED POWER SPECTRUM

Marked-standard density cross-power spectrum

R = 10 Mpc/h,     = 0.0 �s

EM et al. 2020



19

MARKED POWER SPECTRUM

Marked-standard density cross-power spectrum

R = 10 Mpc/h,     = 0.0 �s

Voids have bias < 1

EM et al. 2020



INFORMATION CONTENT in  

MARKED POWER SPECTRA 

of the MATTER FIELD

20



21

FISHER ANALYSIS

~✓ = {⌦m,⌦b, h, ns,�8,M⌫}

~d = {P (k1), P (k2), .., P (kn)}

F↵,� =
@ ~d

@✓↵
C�1 @ ~d

@✓�

Cosmological parameters:

Data vector (observables):

Error on each parameter:

Fisher matrix:

�(✓↵) 
p

(F�1)↵↵



QUIJOTE SIMULATIONS

• https://github.com/franciscovillaescusa/Quijote-simulations 


• Set of 43,100 full N-body simulations


• 1 Gpc/h box size, 5123 CDM particles                                

(5123 neutrinos)


• More than 7000 models with different


• 1 Pb of publicly available data

Ωm, Ωb, h, σ8, ns, Mν, ω

Villaescusa-Navarro, Hanh, EM et al 2019
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QUIJOTE SIMULATIONS

Ωm, Ωb, h, σ8, ns, Mν, ω

4 Massara et al.

Name ⌦m ⌦b h ns �8 M⌫ realizations ICs

[eV]

Fiducial 0.3175 0.049 0.6711 0.9624 0.834 0 8,000 2LPT

Fiducial ZA 0.3175 0.049 0.6711 0.9624 0.834 0 500 Zel’dovich

⌦+
m 0.3275 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦�
m 0.3075 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦++
p 0.3175 0.051 0.6711 0.9624 0.834 0 500 2LPT

⌦��
p 0.3175 0.047 0.6711 0.9624 0.834 0 500 2LPT

h+ 0.3175 0.049 0.6911 0.9624 0.834 0 500 2LPT

h� 0.3175 0.049 0.6511 0.9624 0.834 0 500 2LPT

n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis.

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives142

with respect to neutrino mass (for more details see Section 4.2).143

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial144

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided145

in two main groups: (1) latin-hypercubes and (2) sets of simulations where only one parameter is changed with respect146

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with ⌦m = 0.3175, ⌦b = 0.049, h = 0.6711,147

ns = 0.9624, �8 = 0.834, and M⌫ = 0 eV. We will use a subset of the simulations in group (2) to perform our analysis,148

whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will be used to compute covariance149

matrices (see Section 4.1), while the 500 realizations in cosmologies where the value of one cosmological parameter is150

above or below its fiducial value will be used to compute numerical derivatives of the observables (standard or marked151

power spectra) with respect to each cosmological parameter (see Section 4.2).152

In Quijote halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis153

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.154

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the155

fiducial cosmology.156

3.2. Galaxy catalogs157

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described158

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo159

to host N galaxies depends only on its mass, Mh. Moreover, galaxies are divided in centrals (placed at the center of160

a halo) and satellites (placed inside the halo to follow a NFW profile (Navarro et al. 1997)). The specific HOD model161

implemented in Molino depends on 5 parameters (logMmin,�logM , logM0,↵, logM1) as in Zheng et al. (2007). Only162

one central galaxy can be placed in each halo, thus centrals are drawn from a Bernoulli distribution with mean number163

hNci(Mh),164

hNci =
1

2


1� erf

✓
logMh � logMmin

�logM

◆�
, (2)165

while satellite galaxies are described by a Poisson distribution with mean number hNsi(Mh),166

hNsi = hNci

✓
Mh �M0

M1

◆↵

. (3)167

15

Boxes to compute the covariances

Villaescusa-Navarro, Hanh, EM et al 2019



24

QUIJOTE SIMULATIONS

Ωm, Ωb, h, σ8, ns, Mν, ω

4 Massara et al.

Name ⌦m ⌦b h ns �8 M⌫ realizations ICs

[eV]

Fiducial 0.3175 0.049 0.6711 0.9624 0.834 0 8,000 2LPT

Fiducial ZA 0.3175 0.049 0.6711 0.9624 0.834 0 500 Zel’dovich

⌦+
m 0.3275 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦�
m 0.3075 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦++
p 0.3175 0.051 0.6711 0.9624 0.834 0 500 2LPT

⌦��
p 0.3175 0.047 0.6711 0.9624 0.834 0 500 2LPT

h+ 0.3175 0.049 0.6911 0.9624 0.834 0 500 2LPT

h� 0.3175 0.049 0.6511 0.9624 0.834 0 500 2LPT

n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis.

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives142

with respect to neutrino mass (for more details see Section 4.2).143

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial144

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided145

in two main groups: (1) latin-hypercubes and (2) sets of simulations where only one parameter is changed with respect146

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with ⌦m = 0.3175, ⌦b = 0.049, h = 0.6711,147

ns = 0.9624, �8 = 0.834, and M⌫ = 0 eV. We will use a subset of the simulations in group (2) to perform our analysis,148

whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will be used to compute covariance149

matrices (see Section 4.1), while the 500 realizations in cosmologies where the value of one cosmological parameter is150

above or below its fiducial value will be used to compute numerical derivatives of the observables (standard or marked151

power spectra) with respect to each cosmological parameter (see Section 4.2).152

In Quijote halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis153

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.154

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the155

fiducial cosmology.156

3.2. Galaxy catalogs157

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described158

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo159

to host N galaxies depends only on its mass, Mh. Moreover, galaxies are divided in centrals (placed at the center of160

a halo) and satellites (placed inside the halo to follow a NFW profile (Navarro et al. 1997)). The specific HOD model161

implemented in Molino depends on 5 parameters (logMmin,�logM , logM0,↵, logM1) as in Zheng et al. (2007). Only162

one central galaxy can be placed in each halo, thus centrals are drawn from a Bernoulli distribution with mean number163

hNci(Mh),164

hNci =
1

2


1� erf

✓
logMh � logMmin

�logM

◆�
, (2)165

while satellite galaxies are described by a Poisson distribution with mean number hNsi(Mh),166

hNsi = hNci

✓
Mh �M0

M1

◆↵

. (3)167

15

Boxes to compute the numerical derivatives

Villaescusa-Navarro, Hanh, EM et al 2019



25

MARKED POWER SPECTRA

R  =  [5,  10,  15,  20,  30 ] Mpc/h

p  =  [-1,  0.5,  1,  2,  3]

  =  [0,  0.25,  0.5,  0.75,  1]�s

EM et al. 2020
The Mark

Considered values for the mark parameters

m(~x,� = R, p, �s) =


1 + �s

1 + �s + �R(~x)

�p

125 marked power spectra compute on the matter fields 
cb (cdm) and m (cdm+neutrinos)
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Forecast for statistics of the cold dark matter 

kmax = 0.5 h/Mpc,  z = 0 

M(k) with R = 10 Mpc/h, p = 2,     = 0.25 �s
EM et al. 2020
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Forecast for statistics of the cold dark matter 

kmax = 0.5 h/Mpc,  z = 0 

M(k) with R = 10 Mpc/h, p = 2,     = 0.25 �s
EM et al. 2020
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Marginalized errors

Marginalized errors for kmax = 0.5 h/Mpc
4

Parameter Pcb Mcb Pcb +Mcb Mcb +M 0
cb Pm Mm Pm +Mm Mm +M 0

m

⌦m 0.046 0.018 0.017 0.014 0.094 0.013 0.012 0.011
⌦b 0.016 0.0099 0.0091 0.008 0.039 0.010 0.009 0.008
h 0.16 0.092 0.083 0.068 0.50 0.098 0.082 0.069
ns 0.10 0.045 0.04 0.029 0.48 0.048 0.039 0.028
�8 0.080 0.030 0.026 0.021 0.013 0.0019 0.0015 0.0015
M⌫ 1.4 0.50 0.44 0.35 0.83 0.017 0.014 0.01

Table I: Marginalised errors on the cosmological parameters obtained with the Fisher analysis for the standard (P ) and marked (M and M 0)
power spectrum, and different combinations of them, including the modes with k < kmax = 0.5 hMpc�1. The subscripts cb and m stand for
cold dark matter + baryons and matter, respectively. The inclusion of the marked power spectrum in the Fisher analysis improves significantly
the constraints on all cosmological parameters. In particular, the combination of two marked power spectra improves the power spectrum
constraints on total neutrino mass M⌫ by a factor of 4 and 80 when ‘cb’ or ‘m’ are considered.

Figure 3: Marginalized errors on the cosmological parameters and their dependence on the maximum wavelength considered. Solid lines
show the results for the standard power spectrum and dashed lines show the ones for the marked power spectrum M with R = 10 h�1Mpc,
p = 2, and �s = 0.25. The color code refers to the field considered: grey for cold dark matter + baryons and magenta for total matter. The
marked power spectra (M , solid line) always outperform the power spectrum (P ). The effect is even stronger when including neutrinos (Mm,
solid magenta line, compared to Mcb, solid grey line).

be observed in galaxy redshift surveys directly [32, 33]. One
possible way to measure it is through weak-lensing observa-
tions, which give a 2D projection of the underlying ‘m’ field.
The ‘cb’ density field cannot be observed directly either, but
galaxies and other objects are tracers of it [32, 33]. Combi-
nations of galaxy clustering and weak-lensing measurements
can be used to define marks sensitive to ‘m’ and ‘cb’.

We have not considered the contribution of super sample
covariance to the covariance matrix, which will degrade our
constraints. Moreover, when using galaxy clustering, theo-
retical uncertainties such as galaxy bias, redshift-space dis-
tortions, and baryonic effects are also expected to degrade
our constraints after marginalizing over them. Our results
show that a 6� constraint on the minimum sum of the neu-
trino masses can be achieved by considering combinations of
marked power spectra of the total matter density in a volume
equal to 1 (h�1Gpc)3. Upcoming surveys such as DESI [34],
Euclid [35] and WFIRST [36] are expected to probe volumes
of tens of (h�1Gpc)3. Thus, these surveys should achieve a
statistically significant detection of the neutrino masses, even

if a significant fraction of the information content is lost when
marginalizing over theory uncertainties [39]. We emphasize
that these constraints will arise solely from large-scale struc-
ture surveys, without the usage of CMB priors. Thus, they
will complement the results of CMB constraints [37, 38] and
serve as an internal cross-check to verify the robustness of the
results.

EM and FVN would like to thank Benjamin D. Wan-
delt and Martin White for useful discussions. This work
has made use of the Pylians libraries, publicly available
at https://github.com/franciscovillaescusa/Pylians, and results
were obtained using the Gordon cluster in the San Diego Su-
percomputer Center. This work was partially supported by
NASA grant 15-WFIRST15-0008 and NASA ROSES grant
12-EUCLID12-0004. During the realisation of this project
EM, FVN, SH and DS were supported by the Simons Foun-
dation. ND is supported by the Centre for the Universe at
Perimeter Institute. Research at Perimeter Institute is sup-
ported in part by the Government of Canada through the De-
partment of Innovation, Science and Economic Development
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be observed in galaxy redshift surveys directly [32, 33]. One
possible way to measure it is through weak-lensing observa-
tions, which give a 2D projection of the underlying ‘m’ field.
The ‘cb’ density field cannot be observed directly either, but
galaxies and other objects are tracers of it [32, 33]. Combi-
nations of galaxy clustering and weak-lensing measurements
can be used to define marks sensitive to ‘m’ and ‘cb’.

We have not considered the contribution of super sample
covariance to the covariance matrix, which will degrade our
constraints. Moreover, when using galaxy clustering, theo-
retical uncertainties such as galaxy bias, redshift-space dis-
tortions, and baryonic effects are also expected to degrade
our constraints after marginalizing over them. Our results
show that a 6� constraint on the minimum sum of the neu-
trino masses can be achieved by considering combinations of
marked power spectra of the total matter density in a volume
equal to 1 (h�1Gpc)3. Upcoming surveys such as DESI [34],
Euclid [35] and WFIRST [36] are expected to probe volumes
of tens of (h�1Gpc)3. Thus, these surveys should achieve a
statistically significant detection of the neutrino masses, even

if a significant fraction of the information content is lost when
marginalizing over theory uncertainties [39]. We emphasize
that these constraints will arise solely from large-scale struc-
ture surveys, without the usage of CMB priors. Thus, they
will complement the results of CMB constraints [37, 38] and
serve as an internal cross-check to verify the robustness of the
results.

EM and FVN would like to thank Benjamin D. Wan-
delt and Martin White for useful discussions. This work
has made use of the Pylians libraries, publicly available
at https://github.com/franciscovillaescusa/Pylians, and results
were obtained using the Gordon cluster in the San Diego Su-
percomputer Center. This work was partially supported by
NASA grant 15-WFIRST15-0008 and NASA ROSES grant
12-EUCLID12-0004. During the realisation of this project
EM, FVN, SH and DS were supported by the Simons Foun-
dation. ND is supported by the Centre for the Universe at
Perimeter Institute. Research at Perimeter Institute is sup-
ported in part by the Government of Canada through the De-
partment of Innovation, Science and Economic Development
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Marginalized errors

Marginalized errors for kmax = 0.5 h/Mpc

M(k) with R = 10 Mpc/h, p = 2,     = 0.25 �s
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of tens of (h�1Gpc)3. Thus, these surveys should achieve a
statistically significant detection of the neutrino masses, even

if a significant fraction of the information content is lost when
marginalizing over theory uncertainties [39]. We emphasize
that these constraints will arise solely from large-scale struc-
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Name ⌦m ⌦b h ns �8 M⌫ realizations ICs

[eV]

Fiducial 0.3175 0.049 0.6711 0.9624 0.834 0 8,000 2LPT

Fiducial ZA 0.3175 0.049 0.6711 0.9624 0.834 0 500 Zel’dovich

⌦+
m 0.3275 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦�
m 0.3075 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦++
p 0.3175 0.051 0.6711 0.9624 0.834 0 500 2LPT

⌦��
p 0.3175 0.047 0.6711 0.9624 0.834 0 500 2LPT

h+ 0.3175 0.049 0.6911 0.9624 0.834 0 500 2LPT

h� 0.3175 0.049 0.6511 0.9624 0.834 0 500 2LPT

n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis.

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives142

with respect to neutrino mass (for more details see Section 4.2).143

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial144

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided145

in two main groups: (1) latin-hypercubes and (2) sets of simulations where only one parameter is changed with respect146

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with ⌦m = 0.3175, ⌦b = 0.049, h = 0.6711,147

ns = 0.9624, �8 = 0.834, and M⌫ = 0 eV. We will use a subset of the simulations in group (2) to perform our analysis,148

whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will be used to compute covariance149

matrices (see Section 4.1), while the 500 realizations in cosmologies where the value of one cosmological parameter is150

above or below its fiducial value will be used to compute numerical derivatives of the observables (standard or marked151

power spectra) with respect to each cosmological parameter (see Section 4.2).152

In Quijote halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis153

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.154

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the155

fiducial cosmology.156

3.2. Galaxy catalogs157

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described158

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo159

to host N galaxies depends only on its mass, Mh. Moreover, galaxies are divided in centrals (placed at the center of160

a halo) and satellites (placed inside the halo to follow a NFW profile (Navarro et al. 1997)). The specific HOD model161

implemented in Molino depends on 5 parameters (logMmin,�logM , logM0,↵, logM1) as in Zheng et al. (2007). Only162

one central galaxy can be placed in each halo, thus centrals are drawn from a Bernoulli distribution with mean number163

hNci(Mh),164

hNci =
1

2


1� erf
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logMh � logMmin

�logM

◆�
, (2)165

while satellite galaxies are described by a Poisson distribution with mean number hNsi(Mh),166

hNsi = hNci
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Built upon the Quijote simulations using Halo Occupation Distribution (HOD) framework

from Zheng et al. (2007):
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Figure 1. Our fiducial halo occupation (black) parameterized using the standard Zheng et al. (2007) HOD

model. The parameter values of our fiducial HOD model (Eq. 4) are roughly based on by the best-fit

HOD parameters of the SDSS Mr < �21.5 and < �22. samples from Zheng et al. (2007), modified to

accommodate the Mlim=1.31⇥1013h�1M� halo mass limit of the Quijote simulations (black dotted). We

include the best-fit halo occupations of the SDSS Mr < �21.5 (blue dashed) and < �22. samples (orange

dashed) from Zheng et al. (2007) for reference. Since our HOD parameters are based on the high luminosity

SDSS samples, we do not include assembly bias. Our fiducial HOD galaxy catalog has a galaxy number

density of ng ⇠ 1.63 ⇥ 10�4 h3/Mpc3 and linear bias of bg ⇠ 2.55.

Tinker et al. 2013; Zentner et al. 2016; Vakili & Hahn 2019). HOD models statistically populate

galaxies in dark matter halos by specifying the probability of a given halo hosting a certain num-

ber of galaxies. This statistical prescription for connecting galaxies to halos has been remarkably

successful in reproducing the observed galaxy clustering and, as a result, is the standard approach

for constructing simulated galaxy mock catalogs in galaxy clustering analyses to estimate covariance

matrices and test systematic e↵ects (e.g. Rodŕıguez-Torres et al. 2016, 2017; Beutler et al. 2017).

More importantly, HOD is the primary framework used in simulation-based galaxy clustering anal-

yses: e.g. emulation (McClintock et al. 2018; Zhai et al. 2019) or evidence modeling (Lange et al.

2019). Since the forecasts we present in this paper are aimed at quantifying the constraining power

of the galaxy bispectrum for simulation-based analyses, the HOD model is particularly well-suited

for our purpose.

In HOD models, the probability of a given halo hosting N galaxies of a certain class is dictated

by its halo mass — P (N |Mh). We use the standard HOD model from Zheng et al. (2007), which

specifies the mean number of galaxies in a halo as

hNgali = hNceni + hNsati (1)

Molino mock catalog

7

with mean central galaxy occupation
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�logM
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and mean satellite galaxy occupation
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. (3)

The mean number of centrals in a halo transitions smoothly from 0 to 1 for halos with mass Mh >

Mmin. The width of the transition is dictated by �logM , which reflects the scatter between stellar

mass/luminosity and halo mass. For Mh > Mmin, hNsati follows a power law with slope ↵. M0 is

the halo mass cut-o↵ for satellite occupation and Mh = M0 + M1 is the typical mass scale for halos

to host one satellite galaxy. The numbers of centrals and satellites for each halo are drawn from

Bernoulli and Poisson distribution, respectively. Central galaxies are placed at the center of the halo

while the position and velocity of the satellite galaxies are sampled from a Navarro et al. (1997)

(NFW) profile.

For the fiducial parameters of our HOD model, we use the following values:

{log Mmin, �logM , log M0, ↵, log M1} = {13.65, 0.2, 14.0, 1.1, 14.0}. (4)

These values are roughly based on the best-fit HOD parameters for the SDSS Mr < �21.5 and �22

samples from Zheng et al. (2007). In Figure 1, we present the halo occupation of our fiducial HOD

parameters (black). We include the best-fit halo occupations of the SDSS Mr < �21.5 (blue) and �22

(orange) samples from Zheng et al. (2007) for comparison. We also mark the Mlim=1.31⇥1013h�1M�

halo mass limit of the Quijote simulations (black dotted). At Mh ⇠ 1013M�, the best-fit halo

occupations of the SDSS samples extend below Mlim. We, therefore, cannot use the exact best-fit

HOD parameter values from the literature and instead reduce �logM to 0.2 dex. The high �logM in the

Mr < �21.5 and �22 SDSS samples is caused by the turnover in the stellar-to-halo mass relation at

high stellar masses (Mandelbaum et al. 2006; Conroy et al. 2007; More et al. 2011; Leauthaud et al.

2012; Tinker et al. 2013; Zu & Mandelbaum 2015; Hahn et al. 2019). Our fiducial halo occupation,

with its lower �logM , reflects a galaxy sample with a tighter scatter between stellar mass/luminosity

and Mh than the SDSS samples. In practice, constructing such a sample would require selecting

galaxies based on observable properties that correlate more strongly with Mh than luminosity or

M⇤. While there is evidence that such observables are available (e.g. Lsat; Alpaslan & Tinker 2019),

they have not been adopted for selecting galaxy samples. Regardless, in this work our focus is

on quantifying the information content of the galaxy bispectrum and not on analyzing a specific

observed galaxy sample. We, therefore, opt for a more conservative set of HOD parameters with

respect to Mlim, even if the resulting galaxy sample is less reflective of observations. For our fiducial

halo occupation at the fiducial cosmology, the galaxy catalog has n̄g ⇠ 1.63 ⇥ 10�4 h3 Mpc�3 and

linear bias of bg ⇠ 2.55.

The halo occupation in the Zheng et al. (2007) model depends solely on Mh. Simulations, however,

find evidence that secondary halo properties such as concentration or formation history correlate with
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The parameter Mmin indicates the halo mass scale where hNci goes from 0 to 1, and the width of this transition is168

described by �logM . The mass M0 correspond to the minimum halo mass hosting a satellite galaxy and Mh = M0+M1169

is the typical halo mass with 1 satellite galaxy.170

In this work we consider simulations in the fiducial-resolution of the Quijote suite. For these boxes the associated171

fiducial HOD parameters of the Molino catalogs are172

{logMmin,�logM , logM0,↵, logM1} = {13.65, 0.2, 14.0, 1.1, 14.0} . (4)173

These values have been chosen to mimic the best-fit HOD parameters to SDSS data from Zheng et al. (2007), but have174

been adapted to the low minimum halo mass limit of the Quijote suite. The fiducial HOD model has been applied to175

all the N-body simulations listed in Table 1. In order to compute derivatives with respect to HOD parameters, HOD176

models with variation of a single parameter above and below the fiducial value have been applied to 500 boxes in the177

fiducial cosmology. The step size of these variations are178

{� logMmin,��logM ,� logM0,�↵,� logM1} = {0.05, 0.2, 0.2, 0.2, 0.2} , (5)179

which have been tested to give convergent derivatives for the power spectrum and the bispectrum (Hahn & Villaescusa-180

Navarro 2021). We have considered additional step sizes and confirmed that the one implemented in Molino are reliable181

also for the marked power spectra investigated in this paper.182

To compute derivatives, each simulation box is populated with galaxies in 5 di↵erent ways (initial seeds) and the183

redshift-space standard and marked power spectra are measured using 3 di↵erent lines-of-sight per catalog. Thus,184
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data vector must be measured from independent realizations. For covariances, we will use as many data vectors as the187

number of N-body simulations in the fiducial cosmology (8,000).188

4. FISHER FORMALISM189

We use the Fisher information matrix to describe the information content of di↵erent statistics. For statistics that190

follow a multivariant Gaussian distribution, the Fisher matrix can be computed as191

Fij = ⌃↵,�
@S↵

@✓i
C�1

↵�

@S�

@✓j
(6)192

where ~S = {S0, S1, ...} is the data vector that can be a single statistic or the concatenation of many of them (stan-193

dard and/or marked power spectrum) measured at di↵erent wavenumber k, ~✓ is the collection of cosmological and194

HOD parameters, and C is the covariance matrix (see Section 4.1). The partial derivatives of each data vector are195

discussed in Section 4.2. The Fisher matrix gives the variance of an optimal unbiased estimator for the parameter196

✓i: �2(✓i) > (F�1)ii. The lower the marginalised error, the better a certain parameter can be constrain by the197

considered statistic(s). For each statistic we calculate the monopole and quadrupole up to a maximum wavenumber198

equal to kmax = 0.5 h Mpc�1, and we subtract the Poisson shot-noise 1/n̄g, where ng is the galaxy number density,199

to the monopole of the power spectrum computed from each mock catalog. We do not subtract any estimation of the200

shot-noise to the marked power spectra, since its linear prediction (see Philcox et al. 2020, 2021) is not accurate on201

the considered scales. We test the impact of shot-noise on the Fisher constraints obtained with marked power spectra202

in Section 8, finding no dependence on the number density of galaxy in the catalog.203

Di↵erent marked models allow us to perform di↵erent transformations of the galaxy field; the corresponding marked204

power spectra will contain di↵erent information about the cosmological parameters, and they will exhibit di↵erent205

parameter’s degeneracies. Here, we consider 60 mark models obtained by combining in 60 di↵erent ways the following206

values for the mark parameters: R = 10, 15, 20, 25, 30h�1Mpc, p = 1, 2, 3, 4, �s = 0.1, 0.25, 0.5. Thus, the monopole207
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whose parameter values are displayed in Table 2. In Section 5 we will discuss their constraining power in comparison210

to the standard galaxy power spectrum. Note that some other mark models with p = 4 give better constraints but211

they exhibit noisy derivatives and covariance matrices with strong non-diagonal elements; we decided to discard these212
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M(k) R[h�1Mpc] p �s

M1 30 1 0.1

M2 25 1 0.25

M3 20 1 0.5

M4 30 1 0.5

Table 2. Values for the mark parameters (R, p, �s) of selected marked power spectra M1, M2, M3, and M4.

For all of the considered values of the smoothing scale R, the corresponding wavenumber 2⇡/R is smaller than214

the maximum wavenumber considered in the analysis: kmax = 0.5 h Mpc�1. Only a definition for �R with a shape215

k-space filter would completely avoid to include larger wavenumber (smaller scales) in the analysis, but this filter is not216

localized in configuration space. Nonetheless, considering a Top-Hat with large R values prevents the inclusion of most217

of the information coming from k > 0.5 h Mpc�1 to the analysis. In principle, small smoothing scales would allow218

to obtained a more detailed estimation of the local density, while very large values of R correspond to a smoothing219

overdensity close to zero. However, the values of R cannot be arbitrary small because of the need to control the220

maximum wavenumber included in the analysis, limitations of the N-body simulations (the grid in the initial condition221

has size 2 h�1Mpc), and the sparsity of galaxies: Very small R translates into an estimation of �R that may not reflect222

the environmental density, but just be a noise Poisson realization of it. Smoothing scales R � 20 h�1Mpc ensure that223

every sphere has on average more than 5 galaxies and it is well above the ICs grid size.224

4.1. Covariance225

The covariance matrix C of di↵erent statistics is measured as226

C↵� = h
⇥
S↵ � S̄↵

⇤ ⇥
S� � S̄�

⇤
i (7)227

where h...i indicates the average over di↵erent realizations, S̄i = hSii, and ~S is the data vector containing one or multiple228

concatenated statistics evaluated at various wavenumber k. We consider 8,000 galaxy mock catalogs built upon the229

N-body simulations in fiducial cosmology to compute the covariance. Tests on the convergence of the covariance matrix230

are discussed in Appendix 8.231

Figure 1 shows the correlation matrix (C↵�/
p

C↵↵C��) for a data vector ~S = {P0, P2,M1,0,M1,2, ..,M4,0,M4,2}232

obtain by concatenating the monopole and quadrupole of the power spectrum with the multipoles of the four marked233

spectra selected in Table 3. All statististics are considered up to a maximum wavenumber kmax = 0.5 h Mpc�1. The234

four bottom left blocks display the correlation matrix of the power spectrum, showing that the auto-covariance of235

both monopole and quadrupole are not diagonal, and their cross-covariancce is anticorrelated. Moving towards the236

right (or the upper part of the plot), the plot displays the blocks corresponding to the marked power spectra and their237

cross-correlation with the power spectrum. We find that the auto-correlation matrix of the monopole of M1 exhibits238

positive o↵-diagonal elements on small scales, while the auto-correlation matrix of its quadrupole is almost diagonal.239

The marked power spectra M2, M3 and M4 have auto-correlation matrices that are also almost diagonal. All the240

blocks quantifying the cross-correlations between monopole and quadrupoles of di↵erent statistics are pretty diagonal,241

with the monopole-monopole and quadrupole-quadrupole o↵-diagonal components being slightly correlated and the242

monopole-quadrupole parts being not correlated or slightly anti-correlated.243

4.2. Derivatives244

We compute the partial derivatives of Equation 6 numerically, using the simulations and HOD realizations with the245

consider parameter ✓ evaluated above and below its fiducial value via246

@~S

@✓
'

~S(✓ + �✓)� ~S(✓ � �✓)

2 �✓
. (8)247

This can be done for all parameters, except for the neutrino masses, since its fiducial value is M⌫ = 0 and negative248

masses do not have any physical meaning. In order to compute these derivatives, we use statistics computed in249

cosmologies with di↵erent positive values for the neutrino masses: M+
⌫ = 0.1, M++

⌫ = 0.2, and M+++
⌫ = 0.4. We can250
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Name ⌦m ⌦b h ns �8 M⌫ realizations ICs

[eV]

Fiducial 0.3175 0.049 0.6711 0.9624 0.834 0 8,000 2LPT

Fiducial ZA 0.3175 0.049 0.6711 0.9624 0.834 0 500 Zel’dovich

⌦+
m 0.3275 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦�
m 0.3075 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦++
b 0.3175 0.051 0.6711 0.9624 0.834 0 500 2LPT

⌦��
b 0.3175 0.047 0.6711 0.9624 0.834 0 500 2LPT

h+ 0.3175 0.049 0.6911 0.9624 0.834 0 500 2LPT

h� 0.3175 0.049 0.6511 0.9624 0.834 0 500 2LPT

n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis. ⌦m is the matter density parameter, ⌦b is the
baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.

We perform the analysis using the Molino (Hahn & Villaescusa-Navarro 2021) galaxy catalogs, obtained by populating140

a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145

code Gadget-III, a later version of the publicly available Gadget-II code (Springel 2005), starting from initial conditions146

(ICs) set at redshift z = 127. Second-order Lagrangian perturbation theory (2LPT) is used to generate the ICs in all147

cosmologies, except for the massive neutrino ones where the Zel’dovich approximation is used. Additionally, a subset148

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives149

with respect to neutrino mass (for more details see Section 4.2).150

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial151

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided152

into two main groups: (1) latin hypercubes and (2) sets of simulations where only one parameter is changed with respect153

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with matter density parameter ⌦m = 0.3175, baryon154

density parameter ⌦b = 0.049, dimensionless Hubble constant h = 0.6711, spectral index ns = 0.9624, linear matter155

fluctuation amplitude �8 = 0.834, and sum of neutrino masses M⌫ = 0 eV. We will use a subset of the simulations in156

group (2) to perform our analysis, whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will157

be used to compute covariance matrices (see Section 4.1), while the 500 realizations in cosmologies with the variation158

of one cosmological parameter above or below its fiducial value will be used to compute numerical derivatives of the159

observables (standard or marked power spectra) with respect to each cosmological parameter (see Section 4.2).160

In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163

fiducial cosmology.164

3.2. Galaxy catalogs165

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described166

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo167
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Name ⌦m ⌦b h ns �8 M⌫ realizations ICs
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Fiducial ZA 0.3175 0.049 0.6711 0.9624 0.834 0 500 Zel’dovich
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m 0.3275 0.049 0.6711 0.9624 0.834 0 500 2LPT

⌦�
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⌦++
b 0.3175 0.051 0.6711 0.9624 0.834 0 500 2LPT

⌦��
b 0.3175 0.047 0.6711 0.9624 0.834 0 500 2LPT

h+ 0.3175 0.049 0.6911 0.9624 0.834 0 500 2LPT

h� 0.3175 0.049 0.6511 0.9624 0.834 0 500 2LPT

n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis. ⌦m is the matter density parameter, ⌦b is the
baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.

We perform the analysis using the Molino (Hahn & Villaescusa-Navarro 2021) galaxy catalogs, obtained by populating140

a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145

code Gadget-III, a later version of the publicly available Gadget-II code (Springel 2005), starting from initial conditions146

(ICs) set at redshift z = 127. Second-order Lagrangian perturbation theory (2LPT) is used to generate the ICs in all147

cosmologies, except for the massive neutrino ones where the Zel’dovich approximation is used. Additionally, a subset148

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives149

with respect to neutrino mass (for more details see Section 4.2).150

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial151

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided152

into two main groups: (1) latin hypercubes and (2) sets of simulations where only one parameter is changed with respect153

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with matter density parameter ⌦m = 0.3175, baryon154

density parameter ⌦b = 0.049, dimensionless Hubble constant h = 0.6711, spectral index ns = 0.9624, linear matter155

fluctuation amplitude �8 = 0.834, and sum of neutrino masses M⌫ = 0 eV. We will use a subset of the simulations in156

group (2) to perform our analysis, whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will157

be used to compute covariance matrices (see Section 4.1), while the 500 realizations in cosmologies with the variation158

of one cosmological parameter above or below its fiducial value will be used to compute numerical derivatives of the159

observables (standard or marked power spectra) with respect to each cosmological parameter (see Section 4.2).160

In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163

fiducial cosmology.164

3.2. Galaxy catalogs165

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described166

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo167
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baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.

We perform the analysis using the Molino (Hahn & Villaescusa-Navarro 2021) galaxy catalogs, obtained by populating140

a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145

code Gadget-III, a later version of the publicly available Gadget-II code (Springel 2005), starting from initial conditions146

(ICs) set at redshift z = 127. Second-order Lagrangian perturbation theory (2LPT) is used to generate the ICs in all147

cosmologies, except for the massive neutrino ones where the Zel’dovich approximation is used. Additionally, a subset148

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives149

with respect to neutrino mass (for more details see Section 4.2).150

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial151

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided152

into two main groups: (1) latin hypercubes and (2) sets of simulations where only one parameter is changed with respect153

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with matter density parameter ⌦m = 0.3175, baryon154

density parameter ⌦b = 0.049, dimensionless Hubble constant h = 0.6711, spectral index ns = 0.9624, linear matter155

fluctuation amplitude �8 = 0.834, and sum of neutrino masses M⌫ = 0 eV. We will use a subset of the simulations in156

group (2) to perform our analysis, whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will157

be used to compute covariance matrices (see Section 4.1), while the 500 realizations in cosmologies with the variation158

of one cosmological parameter above or below its fiducial value will be used to compute numerical derivatives of the159

observables (standard or marked power spectra) with respect to each cosmological parameter (see Section 4.2).160

In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163

fiducial cosmology.164

3.2. Galaxy catalogs165

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described166

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo167
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Table 1. Description of the N-body simulations used in the Fisher analysis. ⌦m is the matter density parameter, ⌦b is the
baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.
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a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145
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cosmologies, except for the massive neutrino ones where the Zel’dovich approximation is used. Additionally, a subset148
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In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163
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The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described166
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Constraints using monopole and quadrupole of different statistics up to k = 0.5 h/Mpc
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n+
s 0.3175 0.049 0.6711 0.9824 0.834 0 500 2LPT

n�
s 0.3175 0.049 0.6711 0.9424 0.834 0 500 2LPT

�+
8 0.3175 0.049 0.6711 0.9624 0.849 0 500 2LPT

��
8 0.3175 0.049 0.6711 0.9624 0.819 0 500 2LPT

M+
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.1 500 Zel’dovich

M++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.2 500 Zel’dovich

M+++
⌫ 0.3175 0.049 0.6711 0.9624 0.834 0.4 500 Zel’dovich

Table 1. Description of the N-body simulations used in the Fisher analysis. ⌦m is the matter density parameter, ⌦b is the
baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.

We perform the analysis using the Molino (Hahn & Villaescusa-Navarro 2021) galaxy catalogs, obtained by populating140

a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145

code Gadget-III, a later version of the publicly available Gadget-II code (Springel 2005), starting from initial conditions146

(ICs) set at redshift z = 127. Second-order Lagrangian perturbation theory (2LPT) is used to generate the ICs in all147

cosmologies, except for the massive neutrino ones where the Zel’dovich approximation is used. Additionally, a subset148

of simulations in the so-called fiducial cosmology have Zel’dovich ICs to reliably compute the numerical derivatives149

with respect to neutrino mass (for more details see Section 4.2).150

Each simulation has a box size with length 1h�1Gpc and contains 5123 cold dark matter particles in the fiducial151

resolution setup, plus 5123 neutrino particles for cosmologies with massive neutrinos. The simulations can be divided152

into two main groups: (1) latin hypercubes and (2) sets of simulations where only one parameter is changed with respect153

to the fiducial cosmology that is set to be a flat ⇤CDM cosmology with matter density parameter ⌦m = 0.3175, baryon154

density parameter ⌦b = 0.049, dimensionless Hubble constant h = 0.6711, spectral index ns = 0.9624, linear matter155

fluctuation amplitude �8 = 0.834, and sum of neutrino masses M⌫ = 0 eV. We will use a subset of the simulations in156

group (2) to perform our analysis, whose features are displayed in Table 1. The 8, 000 boxes in fiducial cosmology will157

be used to compute covariance matrices (see Section 4.1), while the 500 realizations in cosmologies with the variation158

of one cosmological parameter above or below its fiducial value will be used to compute numerical derivatives of the159

observables (standard or marked power spectra) with respect to each cosmological parameter (see Section 4.2).160

In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163

fiducial cosmology.164

3.2. Galaxy catalogs165

The Molino galaxy catalogs (Hahn & Villaescusa-Navarro 2021) are built upon the Quijote simulations described166

above using an HOD framework that populates halos with galaxies. In this framework, the probability of a given halo167
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baryon density parameter, h is the dimensionless Hubble constant, ns is the spectral index, �8 is the root-mean-square amplitude
of the linear matter fluctuations at 8 h�1Mpc, and M⌫ is the sum of neutrino masses.

We perform the analysis using the Molino (Hahn & Villaescusa-Navarro 2021) galaxy catalogs, obtained by populating140

a subset of the Quijote N-body simulations (Villaescusa-Navarro et al. 2020) with galaxies via a Halo Occupation141

Distribution (HOD) framework. In this Section we describe the simulations and galaxy catalogs used for the analysis.142

3.1. N-body simulations143

Quijote are a set of more than 44, 000 N-body simulations run with many di↵erent cosmological models and con-144

structed to perform Fisher analysis and to train machine learning models. The simulations are run using the TreePM145
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In Quijote, halos are identified in the cold dark matter distribution using a Friends-of-Friends (FoF) algorithm (Davis161

et al. 1985) with linking length parameter b = 0.2. Only halos that contain at least 20 CDM particles are considered.162

This means that the minimum halo mass depends on the value of ⌦m and it is equal to 1.31 ⇥ 1013 h�1M� in the163
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⇥ P M1 M2 M3 M4 ⌃iMi P + ⌃iMi P/(P + ⌃iMi)

0 + 2 0 0 + 2 0 0 + 2 0 0 + 2 0 0 + 2 0 0 + 2 0 + 2 0 + 2

⌦m 0.036 0.045 0.030 0.039 0.030 0.039 0.029 0.039 0.029 0.038 0.016 0.015 2.4

⌦b 0.015 0.019 0.013 0.016 0.013 0.017 0.013 0.018 0.013 0.016 0.007 0.006 2.5

h 0.18 0.23 0.15 0.20 0.15 0.21 0.15 0.21 0.15 0.20 0.07 0.07 2.6

ns 0.20 0.26 0.17 0.21 0.17 0.22 0.16 0.23 0.17 0.22 0.06 0.06 3.3

�8 0.091 0.15 0.059 0.18 0.045 0.19 0.041 0.20 0.047 0.18 0.017 0.015 6.1

M⌫ 0.33 0.50 0.27 0.34 0.28 0.35 0.28 0.35 0.29 0.38 0.12 0.11 3.0

Table 3. Marginalized errors of cosmological parameters from di↵erent observables, when including the modes with k < kmax =
0.5 h Mpc�1.

satellite galaxies. The opposite applies to the power spectrum, which is mostly probing high-density regions. Combining292

power spectrum and M1 will allow to use the information coming from both probes and eventually break some of their293

specific parameter degeneracies, as the orange contours highlight. We obtained similar plots when comparing the294

results from the other marked models M2, M3, and M4 to one obtained with the power spectrum.295

Table 3 reports the marginalized errors on each cosmological parameter obtained from di↵erent observables up to296

wavenumbers k < kmax = 0.5 h Mpc�1, and their combination. When considering a single observable, the table297

shows the errors obtained both from the monopole alone (right columns labeled as ”0”) and from the combination of298

monopole and quadrupole (left columns labeled as ”0+2”). The quadrupole carries information about the anisotropic299

pattern of redshift space distortion generated by the velocity field. The galaxy motion depends on ⌦m and M⌫300

through the linear growth factor f , and on the amplitude of matter fluctuations �8. While the errors of most of the301

cosmological parameters do not decrease by more than 30 � 40% when adding the quadrupole to the analysis, the302

errors on �8 exhibit a much larger improvement. In particular, when considering the power spectrum, the inclusion303

of the quadrupole improves the monopole error on ⌦m by 25%, on �8 by 65%, and on M⌫ by 50%. The marked304

power spectra Mi exhibit larger improvements on ⌦m (30� 35%) and specially on �8 (3 to 5 times smaller), while the305

improvement on M⌫ is about 25 � 30% but their monopole carries already more information than the monopole of306

the power spectrum. Figure 4 shows the 2D constraints obtained with the monopole (blue) and quadrupole (green) of307

M3. It is interesting to note that the quadrupole constrains the HOD parameters logM0, ↵, and logM1 better than308

the monopole. These parameters describe the number of satellite galaxies, which are responsible for the small scales309

redshift-space distortion appearing as Finger-of-God in the galaxy power spectrum. The monopole is instead more310

sensitive to the HOD parameters controlling the central galaxies, (logMmin and �logM ). The di↵erent degeneracy’s311

directions present in the monopole and in the quadrupole in the planes of the HOD parameters allow the combination312

of these two probes to set tight constraints on all HOD parameters, and thus the galaxy bias. This translates into313

tight constraints on all cosmological parameters, and specially on �8.314

The right columns of Table 3 display the results for the combination of four marked power spectra and of the standard315

plus the four marked spectra. The last column shows the ratio between constraints from the power spectrum and from316

the combination of all the statistics considered in this paper. Thus, it quantifies the improvement of their constraining317

power compared to the one of the power spectrum alone. The larger improvement is achieved for �8, where the errors318

shrink by a factor of 6.1, while the errors on the other cosmological parameters decrease by a factor of 2 � 3. The319

di↵erent parameter degeneracies exhibited by the combination of the four marked power spectra and power spectrum320

with them is displayed in Figure 5 by the blue and orange contours, respectively. The 2D constraints obtained with the321

power spectrum alone are shown in green. We can note that the combination of marked power spectra is very powerful322

in setting constraints on all cosmological parameters and on the HOD parameters logMmin and �logM controlling the323

number of central galaxies, while the addition of the power spectrum is important in improving the constraints on324

logM0, ↵, and logM1 describing the number of satellite galaxies. It is also insightful to look at the dependence of the325

Fisher error on the maximum wavenumber considered, as shown in Figure 6. The plotted marginalized errors have been326

obtained considering both the monopole and quadrupole of for power spectrum (black), and of the four marked spectra327

(colored). Including smaller wavenumbers increases the information and decreases the marginalized errors. M2, M3,328

and M4 are particularly able to extract information on �8 from small scales, corresponding to k > 0.3 h Mpc�1. All329

the considered marked power spectra show similar information on the neutrino masses M⌫ , which is predominantly330

coming from scales k > 0.2 h Mpc�1.331
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Table 3. Marginalized errors of cosmological parameters from di↵erent observables, when including the modes with k < kmax =
0.5 h Mpc�1.

satellite galaxies. The opposite applies to the power spectrum, which is mostly probing high-density regions. Combining292

power spectrum and M1 will allow to use the information coming from both probes and eventually break some of their293

specific parameter degeneracies, as the orange contours highlight. We obtained similar plots when comparing the294

results from the other marked models M2, M3, and M4 to one obtained with the power spectrum.295

Table 3 reports the marginalized errors on each cosmological parameter obtained from di↵erent observables up to296

wavenumbers k < kmax = 0.5 h Mpc�1, and their combination. When considering a single observable, the table297

shows the errors obtained both from the monopole alone (right columns labeled as ”0”) and from the combination of298

monopole and quadrupole (left columns labeled as ”0+2”). The quadrupole carries information about the anisotropic299

pattern of redshift space distortion generated by the velocity field. The galaxy motion depends on ⌦m and M⌫300

through the linear growth factor f , and on the amplitude of matter fluctuations �8. While the errors of most of the301

cosmological parameters do not decrease by more than 30 � 40% when adding the quadrupole to the analysis, the302

errors on �8 exhibit a much larger improvement. In particular, when considering the power spectrum, the inclusion303

of the quadrupole improves the monopole error on ⌦m by 25%, on �8 by 65%, and on M⌫ by 50%. The marked304

power spectra Mi exhibit larger improvements on ⌦m (30� 35%) and specially on �8 (3 to 5 times smaller), while the305

improvement on M⌫ is about 25 � 30% but their monopole carries already more information than the monopole of306

the power spectrum. Figure 4 shows the 2D constraints obtained with the monopole (blue) and quadrupole (green) of307

M3. It is interesting to note that the quadrupole constrains the HOD parameters logM0, ↵, and logM1 better than308

the monopole. These parameters describe the number of satellite galaxies, which are responsible for the small scales309

redshift-space distortion appearing as Finger-of-God in the galaxy power spectrum. The monopole is instead more310

sensitive to the HOD parameters controlling the central galaxies, (logMmin and �logM ). The di↵erent degeneracy’s311

directions present in the monopole and in the quadrupole in the planes of the HOD parameters allow the combination312

of these two probes to set tight constraints on all HOD parameters, and thus the galaxy bias. This translates into313

tight constraints on all cosmological parameters, and specially on �8.314

The right columns of Table 3 display the results for the combination of four marked power spectra and of the standard315

plus the four marked spectra. The last column shows the ratio between constraints from the power spectrum and from316

the combination of all the statistics considered in this paper. Thus, it quantifies the improvement of their constraining317

power compared to the one of the power spectrum alone. The larger improvement is achieved for �8, where the errors318

shrink by a factor of 6.1, while the errors on the other cosmological parameters decrease by a factor of 2 � 3. The319

di↵erent parameter degeneracies exhibited by the combination of the four marked power spectra and power spectrum320

with them is displayed in Figure 5 by the blue and orange contours, respectively. The 2D constraints obtained with the321

power spectrum alone are shown in green. We can note that the combination of marked power spectra is very powerful322

in setting constraints on all cosmological parameters and on the HOD parameters logMmin and �logM controlling the323

number of central galaxies, while the addition of the power spectrum is important in improving the constraints on324

logM0, ↵, and logM1 describing the number of satellite galaxies. It is also insightful to look at the dependence of the325

Fisher error on the maximum wavenumber considered, as shown in Figure 6. The plotted marginalized errors have been326

obtained considering both the monopole and quadrupole of for power spectrum (black), and of the four marked spectra327

(colored). Including smaller wavenumbers increases the information and decreases the marginalized errors. M2, M3,328

and M4 are particularly able to extract information on �8 from small scales, corresponding to k > 0.3 h Mpc�1. All329

the considered marked power spectra show similar information on the neutrino masses M⌫ , which is predominantly330

coming from scales k > 0.2 h Mpc�1.331

The combination of 4 marked power spectra and the standard power spectrum can 
largely improve the cosmological constraints coming from the power spectrum alone. 

Future surveys (DESI, EUCLID, Roman) will observe a LARGER number density of 
galaxies that will allow them to trace the inner part of voids better than the Molino 

catalogs.  Thus, they will be able to exploit the potential the M(k) even further!
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is done
in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [36, 37]; a perturbative theory
developed from the underlying cosmological fluid equations that has been shown to provide accurate models of matter
and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body simulations,
and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing, with large
non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). At present, the marked
statistic has been considered only for the matter power spectrum in real-space; the theory model presented herein
may be extended to biased tracers and redshift-space, analogous to the conventional EFT [38–41].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;

⇢M (x) =
X

i

�D(x� xi)m(xi) =

Z
dx

0

"
X

i

�D(x0
� xi)m(x0)

#
�D(x� x

0), (1)

where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [31, 35];

m(x) =

✓
1 + �s

1 + �s + �R(x)

◆p

⌘

✓
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus

�M (x) ⌘
⇢M (x)� h⇢M i

h⇢M i
=

1

m̄
m(x) [1 + �(x)]� 1. (5)

B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
a convolution of �(x) with a window function WR(x) on scale R;
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.
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A. Definition of the Marked Overdensity
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where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;
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where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus

�M (x) ⌘
⇢M (x)� h⇢M i

h⇢M i
=

1

m̄
m(x) [1 + �(x)]� 1. (5)

B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is done
in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [36, 37]; a perturbative theory
developed from the underlying cosmological fluid equations that has been shown to provide accurate models of matter
and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body simulations,
and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing, with large
non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). At present, the marked
statistic has been considered only for the matter power spectrum in real-space; the theory model presented herein
may be extended to biased tracers and redshift-space, analogous to the conventional EFT [38–41].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.
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where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [31, 35];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus
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B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL
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The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;

⇢M (x) =
X

i

�D(x� xi)m(xi) =

Z
dx

0

"
X

i

�D(x0
� xi)m(x0)

#
�D(x� x

0), (1)

where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus
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B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;

⇢M (x) =
X

i

�D(x� xi)m(xi) =

Z
dx

0

"
X

i

�D(x0
� xi)m(x0)

#
�D(x� x

0), (1)

where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus
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⇢M (x)� h⇢M i

h⇢M i
=
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m(x) [1 + �(x)]� 1. (5)

B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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defining the coe�cients Cj , which have the general form

Cj =
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Changing the form of the mark will simply lead to a di↵erent set of expansion coe�cients.
Before proceeding, it is important to ask ourselves the question; is the above expansion actually valid? The condition

for a convergent Taylor series is simply
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Noting that the fluctuation scale of �R is just the usual variance �
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At high redshifts, �RR(z) is small, thus convergence is expected for �s � 0, though this is not guaranteed at late
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It remains to express this in terms of the linear density field �
(1)(x). This is achieved by expanding �(x) and �R(x)

perturbatively, and separating out each order;
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Here �
(n) and �

(n)
R are n-th order contributions that include n copies of �(1) or �(1)R .1 Furthermore, by distributivity,

each �
(n)
R is just the convolution of �(n) with WR(x). We have additionally introduced the third-order counterterm of

e↵ective field theory (EFT) in Eq. 11; this accounts for the e↵ect of short-scale physics on large-scale modes [36, 37]
and will be discussed below.

Inserting these expansions into Eq. 10 and collecting terms of equal perturbative order, we obtain;
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In Fourier space,2 these products may be written as convolutions using the convolution operator ⇤, here defined by

[X ⇤ Y ] (k) =

Z

p
X(p)Y (k� p) (13)

[X ⇤ Y ⇤ Z] (k) =

Z

p1p2

X(p1)Y (p2)Z(k� p1 � p2)

1
Note that we do not include the non-perturbative e↵ects of long wavelength modes in this work, i.e. we do not perform IR resummation.

2
In this paper, we define the Fourier and inverse Fourier transforms as

X(k) =

Z
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X(x), X(x) =

Z
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(2⇡)3
e
ik·x

X(k)

and the Dirac function �D via
Z
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i(k1�k2)·x = (2⇡)

3
�D(k1 � k2).

The correlation function and power spectrum of the density field are defined as

⇠(r) = h�(x)�(x+ r)i, (2⇡)
3
�D(k+ k0

)P (k) = h�(k)�(k0
)i

with the power spectrum as the Fourier transform of the correlation function and higher order correlators being defined similarly.

The marked density field:

with mark:

39



MARKED POWER SPECTRA

2

from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is done
in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [36, 37]; a perturbative theory
developed from the underlying cosmological fluid equations that has been shown to provide accurate models of matter
and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body simulations,
and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing, with large
non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). At present, the marked
statistic has been considered only for the matter power spectrum in real-space; the theory model presented herein
may be extended to biased tracers and redshift-space, analogous to the conventional EFT [38–41].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;
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where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [31, 35];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus
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B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;
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where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus

�M (x) ⌘
⇢M (x)� h⇢M i

h⇢M i
=

1

m̄
m(x) [1 + �(x)]� 1. (5)

B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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from the marked statistics alone. This is a factor of 80 tighter than that obtained from the matter power spectrum,
with further improvements seen from combining statistics.

Here, we consider the marked power spectrum, M(k), from a theoretical standpoint, developing a perturbative
framework that (a) provides an accurate model for the spectrum in certain regimes, and (b) gives insight into the
sources of cosmological information in M(k), and hence sheds light on its astonishing constraining power. This is
done in the context of the E↵ective Field Theory of Large Scale Structure (hereafter EFT) [34, 35]; a perturbative
theory developed from the underlying cosmological fluid equations that has been shown to provide accurate models
of matter and biased tracer statistics on quasi-linear scales. Our EFT model is validated with a suite of N -body
simulations, and shown to have substantially di↵erent properties to the matter EFT, particularly due to scale-mixing,
with large non-Gaussian contributions appearing on scales which are linear-theory dominated in P (k). Here, we
consider only the marked statistic in real-space; the theory model presented herein may be extended to biased tracers
and redshift-space, analogous to the conventional EFT [36–39], paralleling work done in configuration-space studies
[28, 32].

The structure of this work is as follows. In Sec. II we introduce the marked density field, discussing its physical form,
perturbative expansion and theoretical power spectra. Theory models are compared to data in Sec. III, and Sec. IV
is devoted to an exploration into the information content of the mark and a discussion of the theory applicability,
including its extension to biased tracers. We conclude in Sec.V, with Appendices A,B&C containing material
pertaining to model simplifications, practical power spectrum evaluation and convergence properties.

II. THEORY MODEL

A. Definition of the Marked Overdensity

The key statistic of this work is the marked density field, defined as a weighted sum over particle positions;
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�D(x� xi)m(xi) =
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"
X
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�D(x0
� xi)m(x0)

#
�D(x� x

0), (1)

where �D is a Dirac delta and i runs over all matter particles. In the above expression, m(x) is the mark, defined as
a local overdensity as in Refs. [28, 32, 33];
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where �R(x) is the matter overdensity filtered on scale R, with R, the bias �s and the exponent p being user-defined
parameters. In particular, the mark up-weights underdense regions if p > 0. Defining the sample density field
n(x0) =

P
i �D(x0

� xi), Eq. 1 can be rewritten

⇢M (x) = m(x)n(x) = m(x)n̄ [1 + �(x)] , (3)

where n̄ = hn(x)i is the average density.
In order to convert Eq. 3 into an overdensity field, we require the mean density;

h⇢M (x)i = hn(x)m(x)i = n̄m̄, (4)

where we have defined m̄ as hn(x)m(x)i/hn(x)i, i.e. the average of m(x) weighted by the number density field. The
marked overdensity field is thus

�M (x) ⌘
⇢M (x)� h⇢M i

h⇢M i
=

1

m̄
m(x) [1 + �(x)]� 1. (5)

B. Perturbative Expansion

We proceed to expand the marked overdensity in powers of the linear density field �
(1)(x), which will allow power

spectra to be computed perturbatively. To obtain a consistent theory at one-loop accuracy, we must expand to third-
order in �

(1). First, we approximate the mark m(x) (Eq. 2) by its Taylor series in �R(x), noting that �R(x) is simply
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defining the coe�cients Cj , which have the general form

Cj =
p(p+ 1)...(p+ j � 1)

j!(1 + �s)j
. (7)

Changing the form of the mark will simply lead to a di↵erent set of expansion coe�cients.
Before proceeding, it is important to ask ourselves the question; is the above expansion actually valid? The condition

for a convergent Taylor series is simply
����
�R(x)

1 + �s

���� < 1. (8)

Noting that the fluctuation scale of �R is just the usual variance �
2

RR(z) = h�
2

R(x)i. We thus expect convergence if

�RR(z) . (1 + �s). (9)

At high redshifts, �RR(z) is small, thus convergence is expected for �s � 0, though this is not guaranteed at late
times, and will depend on the choice of R and �s.

Assuming the expansion to be valid, we can write

�M (x) =
1

m̄
[1 + �(x)]

⇥
1� C1�R(x) + C2�

2

R(x)� C3�
3

R(x)
⇤
� 1 +O

�
�
4
�
. (10)

It remains to express this in terms of the linear density field �
(1)(x). This is achieved by expanding �(x) and �R(x)

perturbatively, and separating out each order;
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Here �
(n) and �

(n)
R are n-th order contributions that include n copies of �(1) or �(1)R .1 Furthermore, by distributivity,

each �
(n)
R is just the convolution of �(n) with WR(x). We have additionally introduced the third-order counterterm of

e↵ective field theory (EFT) in Eq. 11; this accounts for the e↵ect of short-scale physics on large-scale modes [36, 37]
and will be discussed below.

Inserting these expansions into Eq. 10 and collecting terms of equal perturbative order, we obtain;
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In Fourier space,2 these products may be written as convolutions using the convolution operator ⇤, here defined by

[X ⇤ Y ] (k) =

Z

p
X(p)Y (k� p) (13)

[X ⇤ Y ⇤ Z] (k) =

Z

p1p2

X(p1)Y (p2)Z(k� p1 � p2)

1
Note that we do not include the non-perturbative e↵ects of long wavelength modes in this work, i.e. we do not perform IR resummation.

2
In this paper, we define the Fourier and inverse Fourier transforms as

X(k) =

Z
dx e

�ik·x
X(x), X(x) =

Z
dk

(2⇡)3
e
ik·x

X(k)

and the Dirac function �D via
Z

dx e
i(k1�k2)·x = (2⇡)

3
�D(k1 � k2).

The correlation function and power spectrum of the density field are defined as

⇠(r) = h�(x)�(x+ r)i, (2⇡)
3
�D(k+ k0

)P (k) = h�(k)�(k0
)i

with the power spectrum as the Fourier transform of the correlation function and higher order correlators being defined similarly.

The marked density field:

with mark:

2-point function of the marked field contains higher 
order statistics of the original field
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Figure 7. As Fig. 5, but adding the low-k correction term of Sec. 3.2.2. This adds two (three) free
parameters to capture the (hard to model) behavior of large scales in real- (redshift-)space, motivated
by the infinite-loop form of the k ! 0 theory (3.19). Three models are shown, all including the
correction term; linear theory (dotted red), one-loop EFT with free parameters calibrated from M(k)
(M; solid blue) and one-loop EFT with free parameters fixed from modeling P (k) (P; dashed green).
We fit up to kmax = 0.2hMpc�1 (vertical dashed line) for the EFT model, and kmax = 0.1hMpc�1

(vertical dotted line) when fitting only low-k parameters. Notably, we obtain good agreement at
low-k for all multipoles, which extends to ⇠ 0.2hMpc�1 in the one-loop EFT model. When fixing the
counterterm parameters to P (k) we obtain good agreement for the monopole, but some evidence of
deviations in the quadrupole, suggesting that higher loops are influencing these parameters.

The results are shown in Fig. 7 for the default mark parameter set, comparing results
from linear theory and one-loop EFT, both supplemented with the above large-scale cor-
rection term. We fit the two (three) real-space (redshift-space) free low-k parameters via
�
2-minimization up to kmax = 0.1hMpc�1 (linear theory) or 0.2hMpc�1 (one-loop EFT).

In all cases, we observe excellent agreement between the model and theory on large-scales,
justifying our infinite-loop prediction and providing a flexible approach by which to fit the
data. This is strongly dependent on the assumed k-dependence of the reorganized linear term
however (i.e. M

r,0
/ [C0 � C1WR(k)]2); ignoring this and including only the k = 0 result

significantly degrades the fit. We further note that the constant term c̃0 in (3.19) is insignif-
icant in the real-space case. In the mildly non-linear regime, we find good agreement up to
k = 0.2hMpc�1, particularly in real-space, with the inclusion of one-loop reorganized terms
being vital for the quadrupole term.

Finally, we test whether this approach allows for accurate models which can fit the
power spectrum and marked spectrum simultaneously; an important check for overfitting.
For this, we consider the one-loop EFT model as in (4.1), but fit the counterterm parameters,
{c

2
0
, c

2
2
} to the unmarked power spectrum (up to kmax = 0.2hMpc�1), then the extra low-k

parameters directly to the large-scale M(k) modes (up to kmax = 0.1hMpc�1). Without the
low-k correction, this gives a poor model for M(k) (indicating that the free counterterms
are also absorbing higher-order effects), though, as seen in Fig. 7, their inclusion allows for
accurate fitting up to k ⇠ 0.2hMpc�1 for real-space or the redshift-space monopole, and
k ⇡ 0.1hMpc�1 for the quadrupole. Thus, at the price of a slightly reduced radius of
convergence, one may perform joint analyses of P (k) and M(k). We note that the above

– 22 –

R = 15 Mpc/h, p = 1, delta_s = 0.25

EFT for MARKED POWER SPECTRA

MATTER FIELD
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THE INFORMATION CONTENT

• Marked power spectra contain higher order statistics of the density field

• The covariance matrix of some marked power spectra M(k) that up-weight low-
density regions is almost diagonal

• Marked power spectra that up-weight low-density regions incorporate 
information from voids  

11

0.04

0.06

�
b

0.6

0.8

h

0.8

1.0

1.2

n
s

0.8

0.9

�
8

0.30 0.35

�m

�0.25

0.00

0.25

M
�

13.5

14.0

lo
g
M

m
in

�1

0

1

�
lo

g
M

13.5

14.0

14.5

lo
g
M

0

0.75

1.00

1.25

↵

0.30 0.35

�m

13.8

14.0

14.2

lo
g
M

1

0.04 0.06

�b

0.04 0.06

�b

0.50 0.75

h

0.50 0.75

h

0.75 1.00 1.25

ns

0.75 1.00 1.25

ns

0.8 0.9

�8

0.8 0.9

�8

�0.250.00 0.25

M�

13.5 14.0

log Mmin

�1 0 1

�log M

13.5 14.0 14.5

log M0

0.75 1.00 1.25

↵
�0.15 �0.10 �0.05 0.00 0.05 0.10 0.15

�0.04

�0.02

0.00

0.02

0.04

kmax = 0.5; z = 0.

P g
0 (k) + Pg

2 (k)

Bg
0 (k1, k2, k3)

Pg
0 + Pg

2 + Bg
0

Figure 3. Fisher matrix constraints for M⌫ and other cosmological parameters for the redshift-space galaxy

P g
0 +P g

2 (blue), Bg
0 (green), and combined P g

0 +P g
2 and Bg

0 (orange) out to kmax = 0.5h/Mpc for a 1(Gpc/h)3

volume. Our forecasts marginalizes over the Zheng et al. (2007) HOD parameters: logMmin,�logM , logM0,↵,

and logM1 (bottom panels). The contours mark the 68% and 95% confidence intervals. The bispectrum

substantially improves constraints on all of the cosmological parameters over the power spectrum. ⌦m, ⌦b, h,

ns, and �8 constraints improve by factors of 2.8, 3.1, 3.8, 4.2, and 4.2, respectively. For M⌫ , the bispectrum

improves �M⌫ from 0.3344 to 0.0706 eV — over a factor of ⇠5 improvement over the power spectrum.

(Hahn et al, 2021)
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THE INFORMATION CONTENT

• Marked power spectra contain higher order statistics of the density field

• The covariance matrix of some marked power spectra M(k) that up-weight 
low-density regions is almost diagonal

• Marked power spectra that up-weight low-density regions incorporate 
information from voids  

M(k) with R = 10 Mpc/h, p = 2,     = 0.25 �s

Other nonlinear transformations, such 
as the log-transformation, have shown 
to make the field more Gaussian 
(Neyrinck et al, 2009, 2010, 2011)
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THE INFORMATION CONTENT

• Marked power spectra contain higher order statistics of the density field

• The covariance matrix of some marked power spectra M(k) that up-weight 
low-density regions is almost diagonal

• Marked power spectra that up-weight low-density regions incorporate 
information from voids  



45

CONCLUSIONS

• Results from Fisher analyses: marked power spectra that up-weight 
low density regions improve parameter constraints beyond the standard 
power spectrum.

• 6x tighter constraints for sigma8 and 2-3x for the other cosmological 
parameters when considering combinations of marked and standard 
power spectra of the galaxy field.  

• Upcoming surveys (DESI, EUCLID, Roman) will probe larger volumes 
and higher galaxy number density, that will allow them to better explore 
low-density regions and improve the performance of marked power 
spectra.

• Next step: cosmological analysis with marked power spectra in available 
surveys. We are building a simulation-based inference framework that 
will allow us to forward modeling survey systematics and geometry.


