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Physics at extremely high-energies encoded 

in statistical properties of primordial 

fluctuations

Probing inflation

density fluctuations & 
gravitational waves

2pt, 3pt, n-pt

Even full pdf

Treasure of information to extract
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+ many works
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Inflation as a cosmological collider

Which mass actually? Inflationary flavor 
oscillations and cosmic spectroscopy

Pinol, Aoki, Renaux-Petel, Yamaguchi, 2112.05710
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Inflation as a cosmological collider
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Not until 2018 by Arkani-Hamed et al 



Shifting the perspective on cosmological correlators: 
finding them without directly following the bulk time 
evolution. Active field.

Locality, Unitarity, Analyticity, 
Symmetries

Boundary Rules 

2017-2022: Arkani-Hamed, Baumann, Benincasa, Duaso Pueyo, Goodhew, Gorbenko, Jazayeri, Joyce, 
Lee, Meltzer, Melville, Pajer, Penedones, Pimentel, Renaux-Petel, Sleight, Salehi-Vaziri, Stefanyszyn, 
Tarona ….


Earlier works: Bzowski et al (2011,2012, 2013), Raju (2012), Kundo et al (2013, 2015), 

                   Maldacena and Pimentel(2011)  

                                                                               

Cosmological bootstrap

Recent review, Baumann et al, 2203.08121



Our work

Cosmological collider + cosmological bootstrap + breaking dS boosts 


Production 

of heavy particles

Exact solution 

from first principles


Different 

propagation speeds


Theoretical methods
Observational consequences 

and physical understanding


I Low speed collider
 II Cosmological bootstrap 

in slow motion 




The setup
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Low speed collider



Qualitative picture

Two characteristic

 times in dynamics

Event 1:  sound horizon crossing for pi k/a = H/cs

Event 2:  mass crossing for the heavy field k/a = m

For m > H/cs event 2 is before 1, not qualitatively different from cs=1

For m < H/cs event 1 is before 2, unusual:

Between 1 and 2, curvature perturbation outside sound horizon quantum-
mechanically interacts with sigma still in the Bunch-Davies vacuum

Growth of curvature power spectrum during � log(csm/H) e-folds



Qualitative picture (bispectrum)

Event 1:  sound horizon crossing for pi’s short mode

Event 2:  mass crossing of long mode 

kS/a(t1) = H/cs

kL/a(t2) = m
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New signature of heavy fields:

the low speed collider
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Bispectrum shape (normalised)

Resonance

cs = 0.03, µ = 2



New signature of heavy fields:

the low speed collider

cs ⌧ 1, H ⌧ m ⌧ H/cscs = 1, m � H

de Sitter Invariant Collider

(local) EFT signalparticle 
production signal

(non-local) EFT signalparticle 
production signal

Low Speed Collider
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de Sitter Invariant Collider

(local) EFT signalparticle 
production signal

(non-local) EFT signalparticle 
production signal

Low Speed Collider
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New signature of heavy fields:

the low speed collider

cs ⌧ 1, H ⌧ m ⌧ H/cscs = 1, m � H

de Sitter Invariant Collider

(local) EFT signalparticle 
production signal

(non-local) EFT signalparticle 
production signal

Low Speed Collider
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(local) EFT signalparticle 
production signal

(non-local) EFT signalparticle 
production signal
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Non-local single-field EFT

For a low sound speed,  the heavy supersonic field instantaneously 
responds to the dynamics of the curvature perturbation

The heavy field can be integrated out, but in a non-standard manner 

(the field is relativistic at sound horizon crossing), yielding a (spatially) 

non-local single-field EFT
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Simple analytical formulae: one-parameter family of shapes, depending on 

Non-local single-field EFT

↵ = cs(µ
2 + 1 + 4)1/2 ⇡ csm/H

Boil down to standard equilateral 
shapes for large alpha


Reproduce resonances of low 
speed collider for small alpha


Misses particle production effects 


Breaks down for masses too close 
to 3H/2


full
EFT

µ = 5, cs = 10�2

order parameter



II Cosmological bootstrap

From a de Sitter seed four-point 
to inflationary correlators  



Diagrams of interest

with same method: 2 pt, 4 pt, higher order derivatives (see paper)

See 2205.00013 for another method, for bispectrum only
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bulk-to-bulk 
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<latexit sha1_base64="MKk2bAZM/MqkXfKTAykfq5kQU8E=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKialKeAjGChbGItGH1ITIcZ3WquNEtoNURV34FRYGEGLlM9j4G9w2A7Qc6UrH59wr33vClDOlHefbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNCmZprTTiopjkNO2+HwZuK3H6lULBH3epRSP8Z9wSJGsDZSYB94HIs+p8hLWUAezjw5ewZ21ak5U6BF4hakCgUagf3l9RKSxVRowrFSXddJtZ9jqRnhdFzxMkVTTIa4T7uGChxT5efTA8bo2Cg9FCXSlNBoqv6eyHGs1CgOTWeM9UDNexPxP6+b6ejKz5lIM00FmX0UZRzpBE3SQD0mKdF8ZAgmkpldERlgiYk2mVVMCO78yYukdVpzL2rO3Xm1fl3EUYZDOIITcOES6nALDWgCgTE8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+APs2lgE=</latexit>

h⇡3
c i

<latexit sha1_base64="7Vm/RmxjTjffvh93FtzjaxFmung="></latexit>

G++(s, ⌘, ⌘
0) = �+(s, ⌘)��(s, ⌘

0)✓(⌘ � ⌘0) + ⌘ $ ⌘0

<latexit sha1_base64="FH0lb96avLU35w0ToAnQjBgcajQ=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSJtqZZEfG2EogtdVrAPaEKYTCft0MkkzEyEEvonbvwVNy4UEXf9G6dpFtp6YIZzz7mXmXu8iBIhTXOi5ZaWV1bX8uuFjc2t7R19d68lwpgj3EQhDXnHgwJTwnBTEklxJ+IYBh7FbW94O/XbT5gLErJHOYqwE8A+Iz5BUCrJ1S/u3KR6Mi6LYxtLmF6lyrUtSD+AbjWTK1l9ktWliqsXzZqZwlgkVkaKIEPD1b/tXojiADOJKBSia5mRdBLIJUEUjwt2LHAE0RD2cVdRBgMsnCTdb2wcKaVn+CFXh0kjVX9PJDAQYhR4qjOAciDmvan4n9eNpX/lJIRFscQMzR7yY2rI0JiGZfQIx0jSkSIQcaL+aqAB5BBJFWlBhWDNr7xIWqc167xmPpwV6zdZHHlwAA5BGVjgEtTBPWiAJkDgGbyCd/ChvWhv2qf2NWvNadnMPvgDbfIDJbugkA==</latexit>

G+�(s, ⌘, ⌘
0) = �+(s, ⌘)��(s, ⌘

0)



Boost breaking manifests itself both 

- in the weight-shifting operators (boost breaking vertices) 

- and also in the argument of the four-point function (different speeds 
of propagation) ki (i = 1, 2, 3) ! cski

Bispectra from a dS four-point

All our diagrams (2-,3-,4-pt) can be related to a de Sitter-
invariant seed four-point function of a conformally coupled 
field, e.g.:

B(k1, k2, k3) = W (ki, @ki) lim
k4!0

k1

'

k2

'

k3

'

k4

'

s = |k1 + k2|

5

g'2�g'2�

csk1 csk2 csk3 k4

Diag. A
k

⇡

k

⇡

k

Diag. B1
k1

⇡

k2

⇡

k3

⇡

k3

Diag. B2
k1

⇡

k2

⇡

k3

⇡

k3
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<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="7Q9+KJGG7fVVBCjnwn0VxWRqbv0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKosuiG5cV7APasWTSTBuaZIYko5Sxn+LGhSJu/RJ3/o1pOwttPXDhcM69yb0nTDjTxvO+nZXVtfWNzcJWcXtnd2/fLR00dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpH11O/9UCVZrG8M+OEBgIPJIsYwcZKPbfU7ccm6yZscl/tajYQuOeWvYo3A1omfk7KkKPec7/sGyQVVBrCsdYd30tMkGFlGOF0UuymmiaYjPCAdiyVWFAdZLPVJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQYZk0lqqCTzj6KUIxOjaQ6ozxQlho8twUQxuysiQ6wwMTatog3BXzx5mTSrFf+84t2elWtXeRwFOIJjOAUfLqAGN1CHBhB4hGd4hTfnyXlx3p2PeeuKk88cwh84nz9/VJQm</latexit>

⇡̇2�
<latexit sha1_base64="uvioRDCJMkD8BJBrpgMjw9diHQg=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZSZouiy6MZlBfuAzjhk0kwbmmSGJCOUoW78FTcuFHHrX7jzb8y0s9DWAxcO59yb3HvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoOvc7D0QqGos7PU6Iz9FA0IhipI0U2IdVL0FSU8QCCr2Ent7XPUUHHAV2xak5U8BF4hakAgo0A/vL68c45URozJBSPddJtJ/lj2NGJmUvVSRBeIQGpGeoQJwoP5teMIEnRunDKJamhIZT9fdEhrhSYx6aTo70UM17ufif10t1dOlnVCSpJgLPPopSBnUM8zhgn0qCNRsbgrCkZleIh0girE1oZROCO3/yImnXa+55zbk9qzSuijhK4AgcgypwwQVogBvQBC2AwSN4Bq/gzXqyXqx362PWumQVMwfgD6zPH5IbllM=</latexit>

(@i⇡)2�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�
<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="Gn2O82BwEx6ORop6cMCwxmxfLdo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUVCMYKFsYi0YfUhMhxndaqnVi2g1RFHVj4FRYGEGLlI9j4G5w2A7Qc6UpH59xr33tCwajSjvNtrayurW9slrbK2zu7e/v2wWFHJanEpI0TlsheiBRhNCZtTTUjPSEJ4iEj3XB8nfvdByIVTeI7PRHE52gY04hipI0U2JWaJ5DUFLGAQk/QAJ/eN6Cn6JCjwK46dWcGuEzcglRBgVZgf3mDBKecxBozpFTfdYT2s/x9zMi07KWKCITHaEj6hsaIE+VnsyOm8MQoAxgl0lSs4Uz9PZEhrtSEh6aTIz1Si14u/uf1Ux1d+hmNRapJjOcfRSmDOoF5InBAJcGaTQxBWFKzK8QjJBHWJreyCcFdPHmZdBp197zu3J5Vm1dFHCVQAcegBlxwAZrgBrRAG2DwCJ7BK3iznqwX6936mLeuWMXMEfgD6/MHcnCXUw==</latexit>

(@i⇡c)
2�

<latexit sha1_base64="GpVYjnsngMuUnqG3DibhrJsl1Qs=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNDJPppB06k4SZiVBD8VfcuFDErf/hzr9x2mahrQcuHM65d+beE6acKe0439bS8srq2nppo7y5tb2za+/tt1SSSUKbJOGJ7IRYUc5i2tRMc9pJJcUi5LQdDq8nfvuBSsWS+E6PUuoL3I9ZxAjWRgrsQ6+X6NxL2fi+FhDkKdYXOLArTtWZAi0StyAVKNAI7C/zDMkEjTXhWKmu66Taz7HUjHA6LnuZoikmQ9ynXUNjLKjy8+n2Y3RilB6KEmkq1miq/p7IsVBqJELTKbAeqHlvIv7ndTMdXfo5i9NM05jMPooyjnSCJlGgHpOUaD4yBBPJzK6IDLDERJvAyiYEd/7kRdKqVd3zqnN7VqlfFXGU4AiO4RRcuIA63EADmkDgEZ7hFd6sJ+vFerc+Zq1LVjFzAH9gff4AWPaVJg==</latexit>

⇡̇2
c�

Diag. A
k

⇡

k

⇡

k

Diag. B1
k1

⇡

k2

⇡

k3

⇡

k3

Diag. B2
k1

⇡

k2

⇡

k3

⇡

k3
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<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="7Q9+KJGG7fVVBCjnwn0VxWRqbv0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKosuiG5cV7APasWTSTBuaZIYko5Sxn+LGhSJu/RJ3/o1pOwttPXDhcM69yb0nTDjTxvO+nZXVtfWNzcJWcXtnd2/fLR00dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpH11O/9UCVZrG8M+OEBgIPJIsYwcZKPbfU7ccm6yZscl/tajYQuOeWvYo3A1omfk7KkKPec7/sGyQVVBrCsdYd30tMkGFlGOF0UuymmiaYjPCAdiyVWFAdZLPVJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQYZk0lqqCTzj6KUIxOjaQ6ozxQlho8twUQxuysiQ6wwMTatog3BXzx5mTSrFf+84t2elWtXeRwFOIJjOAUfLqAGN1CHBhB4hGd4hTfnyXlx3p2PeeuKk88cwh84nz9/VJQm</latexit>

⇡̇2�
<latexit sha1_base64="uvioRDCJMkD8BJBrpgMjw9diHQg=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZSZouiy6MZlBfuAzjhk0kwbmmSGJCOUoW78FTcuFHHrX7jzb8y0s9DWAxcO59yb3HvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoOvc7D0QqGos7PU6Iz9FA0IhipI0U2IdVL0FSU8QCCr2Ent7XPUUHHAV2xak5U8BF4hakAgo0A/vL68c45URozJBSPddJtJ/lj2NGJmUvVSRBeIQGpGeoQJwoP5teMIEnRunDKJamhIZT9fdEhrhSYx6aTo70UM17ufif10t1dOlnVCSpJgLPPopSBnUM8zhgn0qCNRsbgrCkZleIh0girE1oZROCO3/yImnXa+55zbk9qzSuijhK4AgcgypwwQVogBvQBC2AwSN4Bq/gzXqyXqx362PWumQVMwfgD6zPH5IbllM=</latexit>

(@i⇡)2�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�
<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="Gn2O82BwEx6ORop6cMCwxmxfLdo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUVCMYKFsYi0YfUhMhxndaqnVi2g1RFHVj4FRYGEGLlI9j4G5w2A7Qc6UpH59xr33tCwajSjvNtrayurW9slrbK2zu7e/v2wWFHJanEpI0TlsheiBRhNCZtTTUjPSEJ4iEj3XB8nfvdByIVTeI7PRHE52gY04hipI0U2JWaJ5DUFLGAQk/QAJ/eN6Cn6JCjwK46dWcGuEzcglRBgVZgf3mDBKecxBozpFTfdYT2s/x9zMi07KWKCITHaEj6hsaIE+VnsyOm8MQoAxgl0lSs4Uz9PZEhrtSEh6aTIz1Si14u/uf1Ux1d+hmNRapJjOcfRSmDOoF5InBAJcGaTQxBWFKzK8QjJBHWJreyCcFdPHmZdBp197zu3J5Vm1dFHCVQAcegBlxwAZrgBrRAG2DwCJ7BK3iznqwX6936mLeuWMXMEfgD6/MHcnCXUw==</latexit>
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⇡̇2
c�

Figure 4: In this work we study in detail the three depicted single-exchange diagrams for the

two- and three-point correlation functions of ⇡c. The white rectangle represents the linear mixing

operator ⇡̇c�, whereas the gray rectangle and the crossed circle stand for the ⇡̇2
c� and (@i⇡c)2�

vertices, respectively. We also obtain the results for the three corresponding single-exchange

four-point functions, with interactions either ⇡̇2
c� or (@i⇡c)2� at each vertex.

corresponding mode function, which might be either in the bulk-to-bulk or the bulk-to-

boundary propagator that enters the vertex.12

3.2 Conformally coupled field and the weight-shifting operators

The correlators of the conformally coupled (cc) scalar in dS space exhibit a simpler algebraic

structure than the correlators of massless and massive fields. This is the direct result of the

simplicity of its mode function:

'±(k, ⌘) = �
H

p
2k

⌘ exp(⌥ik⌘) . (3.10)

Furthermore, the objects of primary interest in cosmology, namely the correlators of massless

fields in dS can be obtained by acting with bespoke weight-shifting operators on the correlators of

the conformally coupled field ' (aka the “cc field”). Using this method, all the exchange diagrams

of the four-point function of a massless scalar field mediated by a massive field (including spinning

ones) were computed in recent years [48,49]. The weight-shifting operators can be systematically

derived by leveraging the dS SO(4, 1) isometry group. Nevertheless, regardless of the dS boost

12Notice that the time derivative does not act on the step function ✓(⌘ � ⌘0) since, in contrast to reference [120]

for instance, we are using the canonical version of the in-in formalism where (in presence of operators with time

derivatives) the interaction part of the Hamiltonian is not opposite to the interaction part of the Lagrangian

(see [121] for a related discussion).
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The seed correlator               has been found in 1811.00024

… but we need its analytical continuation 

    beyond the kinematically allowed region

F̂ (u, v)
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Building blocks of the seed correlator

Difficult

Truly nested integrals

Easiest part


Factorised time integrals

symmetry, the map between the correlators of the conformally coupled and the massless fields

can be understood in terms of a set of relations between the corresponding mode functions (and

derivatives thereof) [48]. For example, the mode function ⇡c is related to ' via a straightforward

operation:

⇡±
c (k, ⌘) = ⇡c(k, ⌘0)

1

⌘
(1 � k@k)h±(csk, ⌘) . (3.11)

where we have defined

h±(k, ⌘) ⌘ ⌘0
'±(k, ⌘)

'±(k, ⌘0)
= ⌘ exp(⌥ik⌘) , (3.12)

⇡c(k, ⌘0) ⌘ ⇡±
c (k, ⌘0) =

H

(2c3
sk

3)1/2
. (3.13)

For future references we also define '(k, ⌘0) ⌘ '±(k, ⌘0) = H⌘0/(2k)1/2. An analogous equation

to (3.11) holds for the first derivative of ⇡c, i.e.

@⌘⇡
±
c (k, ⌘) = ⇡c(k, ⌘0)c

2
sk

2 h±(csk, ⌘) , (3.14)

and higher derivatives of ⇡c can be similarly expressed by virtue of its equation of motion. We

will see in the remainder of this section that using these relations all the single-exchange dia-

grams of ⇡, irrespective of the nature of the vertices, can be obtained by applying appropriate

boundary operators on the four-point exchange diagram of ' depicted in Figure 5, in which the

intermediate field � interacts with ' via the simple cubic interaction g '2 �.

We begin by explicitly writing down the contribution of the exchange diagram depicted in Figure

5 to four-point correlator of ' evaluated at the end of inflation ⌘ = ⌘0. Following a similar

notation to Appendix B of [48], the answer is given by

h'(k1, ⌘0)'(k2, ⌘0)'(k3, ⌘0)'(k4, ⌘0)i
0 =

⌘4
0 H2

2k1k2k3k4
F (k1, . . . , k4) + t� and u�channels , (3.15)

in which

F = F++ + F+� + F�+ + F�� , (3.16)

where

F±±(k1, . . . , k4; s) = �
g2

2H2

Z
⌘0

�1(1⌥i✏)

d⌘

⌘2

Z
⌘0

�1(1⌥i✏)

d⌘0

⌘02 e±i(k1+k2)⌘ e±i(k3+k4)⌘0
G±±(s, ⌘, ⌘0) ,

(3.17)

F±⌥(k1, . . . , k4; s) =
g2

2H2

Z
⌘0

�1(1⌥i✏)

d⌘

⌘2

Z
⌘0

�1(1±i✏)

d⌘0

⌘02 e±i(k1+k2)⌘ e⌥i(k3+k4)⌘0
G±⌥(s, ⌘, ⌘0) .

(3.18)

Above, di↵erent components of the s�channel diagram are written in terms of four “energy”

variables {k1, k2, k3, k4, s ⌘ |k1 + k2|}.
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Bootstrap. 1 Locality
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Bulk local differential equation 



Boundary differential equation 

Bootstrap. 1 Locality
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�
G±±(s, ⌘, ⌘

0) = (⌘0H)2�(⌘ � ⌘
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2(u+ v)



Bootstrap. 1 Locality

F̂++(u, v) =
X

m,n

✓
am,n + bm,n log(u)

◆
1

um

⇣u
v

⌘n
+
X

±±
�±±f±(u)f±(v) , 1 < |u| < |v|


u2(1� u2)@2

u � 2u3@u +

✓
µ2 +

1

4

◆�
F̂±±(u, v) = g2

u v

2(u+ v)

Homogeneous solution with 

four free parameters to determine

f+(u) = 2F1

✓
1

4
� iµ

2
,
1

4
+

iµ

2
;
1

2
;
1

u2

◆

f�(u) =
2

u
⇥ 2F1

✓
3

4
� iµ

2
,
3

4
+

iµ

2
;
3

2
;
1

u2

◆

Suitable particular solution 

‘‘from ‘infinity’’ 

Series coefficients 

and partial resummation
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Cutting rule for the bulk to bulk 

propagator (energy positivity) 

G⇤
++(s, ⌘, ⌘

0) +G++(s, ⌘, ⌘
0) = ��(s, ⌘)�+(s, ⌘

0) + ⌘ $ ⌘0



Bootstrap. 2 Unitarity

Cutting rule for the bulk to bulk 

propagator (energy positivity) 

G⇤
++(s, ⌘, ⌘

0) +G++(s, ⌘, ⌘
0) = ��(s, ⌘)�+(s, ⌘

0) + ⌘ $ ⌘0

Reality of the couplings g⇤ = g



Bootstrap. 2 Unitarity

Cutting rule for the bulk to bulk 

propagator (energy positivity) 

G⇤
++(s, ⌘, ⌘

0) +G++(s, ⌘, ⌘
0) = ��(s, ⌘)�+(s, ⌘

0) + ⌘ $ ⌘0

Reality of the couplings g⇤ = g

Hermitian analyticity of the bulk to 
boundary propagator 

'⇤
+(k, ⌘) = '+(�k, ⌘)



Bootstrap. 2 Unitarity

Cutting rule for the bulk to bulk 

propagator (energy positivity) 
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Reality of the couplings g⇤ = g
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boundary propagator 

Cosmological Cutting Rule
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Bootstrap. 2 Unitarity

Cosmological Cutting Rule

F̂++(u, v) + F̂ ⇤
++(�u⇤,�v⇤) = �1

2
f̂3(u)f̂

⇤
3 (�v⇤)� 1

2
f̂3(v)f̂

⇤
3 (�u⇤)

f̂3(u) =
ig

2
p
2⇡

✓
|� (1/4 + iµ/2) |2f+(u)� |� (3/4 + iµ/2) |2f�(u)

◆

Reality of the couplings g⇤ = g

Hermitian analyticity of the bulk to 
boundary propagator 
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+(k, ⌘) = '+(�k, ⌘)
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Bootstrap. 3 Analyticity

For Bunch-Davies initial conditions, no singularity 

can arise in the physical domain of the correlator

     Requiring absence of singularity 

in the collinear (folded) limit

u ! 1
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Diagram B1 (µ = 1, cs = 10�2)
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Diagram B2 (µ = 1, cs = 10�2)
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Diagram B1 (µ = 1, cs = 10�1)
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Diagram B2 (µ = 1, cs = 10�1)

Inflationary three-point

Resonanceoscillations due
to pair creation Resonanceoscillations due

to pair creation

<latexit sha1_base64="x3FUvVNoJoLWAmgHnyjGjXSrlqs=">AAAB73icbVA9SwNBEJ2LXzF+nVraLAbBKt6JooVF0CZlBPMByRH2NnvJkt29c3dPCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqb+q0nqjSL5YMZJzQQeCBZxAg2VmqLG1Q7Iz3dc8texZsBLRM/J2XIUe+5X91+TFJBpSEca93xvcQEGVaGEU4npW6qaYLJCA9ox1KJBdVBNrt3gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eJzXRdZAxmaSGSjJfFKUcmRhNn0d9pigxfGwJJorZWxEZYoWJsRGVbAj+4svLpHle8S8r3v1FuXqbx1GEIziGU/DhCqpQgzo0gACHZ3iFN+fReXHenY95a8HJZw7hD5zPH/V2j0M=</latexit>

m < H/cs• Low speed collider



Concluding remarks

Cosmological bootstrap: new methods and new insight into 
cosmological correlators


We extended the reach of cosmological collider + bootstrap beyond 
de Sitter invariant setups


Identification of new signatures of heavy fields: low speed collider 
with resonances in squeezed limit


Non-local EFT gives useful insight but breaks down for masses too 
close to Hubble, by contrast to exact bootstrap results


