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Accelerating expansion of the Universe:

Large scale structuresupernovae The CMB

• It acts opposite to gravity
• It doesn't seem to cluster strongly  
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Ø Possibilities:
o Cosmological constant /Dark energy /beyond general relativity

Ø Effective field theory of dark energy: 

o Convenient way to describe DE and MG: a general action for class of theories 

o Connecting to observations minimally

Ø DE/MG theories are studied well at the level of the background

and linear

The reason behind the cosmic acceleration:
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Gµ⌫ = 8⇡GTµ⌫Modified gravity Dark energy



Are these theories really viable?
⇤
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Ø Non-linear evolution of the k-essence leads 
to an instability

o The instability:

o In the cosmological context (using k-evolution N-body code)
(Hassani, Adamek, Kunz, Shi, Wittwer; arXiv: 2107.14215 & arXiv: 2204.13098)

o In 1+1 dimensions
(Eckmann, Hassani, Zaag; arXiv: 2205.01055)

Importance of non-linear modelling:
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Non-linear scalar field equation:
<latexit sha1_base64="Int5iSsj4tBxLtyB5coBwnJ4wBg=">AAACD3icbZC7TsMwFIYdrqXcAowsFi2IqUoqBCxIFSyMRaIXqYkqx3Faq45j2Q5SFeUNWHgVFgYQYmVl421w2wzQ8kuWPv3nHB2fPxCMKu0439bS8srq2nppo7y5tb2za+/tt1WSSkxaOGGJ7AZIEUY5aWmqGekKSVAcMNIJRjeTeueBSEUTfq/HgvgxGnAaUYy0sfr2SdUTFF5BL5IIZ15ImEbQE0OaZ16AZDbFvNq3K07NmQougltABRRq9u0vL0xwGhOuMUNK9VxHaD9DUlPMSF72UkUEwiM0ID2DHMVE+dn0nhweGyeEUSLN4xpO3d8TGYqVGseB6YyRHqr52sT8r9ZLdXTpZ5SLVBOOZ4uilEGdwEk4MKSSYM3GBhCW1PwV4iEyyWgTYdmE4M6fvAjtes09r53d1SuN6yKOEjgER+AUuOACNMAtaIIWwOARPINX8GY9WS/Wu/Uxa12yipkD8EfW5w95vZxZ</latexit>

⇡ = ��
�̄



<latexit sha1_base64="EVzy9wNXc0GV2HLDQGgxnyQgaFc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4MSSlWBcuim5cVrAPaNMwmU7aoZNJmJkIIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvcePGZXKtr+NtfWNza3twk5xd2//4NA8Om7LKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ix5/czvzOIxGSRvxBpTFxQzTiNKAYKS15ZqmCPTmoXkPHHmQXNas+rUDPLNuWPQdcJU5OyiBH0zO/+sMIJyHhCjMkZc+xY+VmSCiKGZkW+4kkMcITNCI9TTkKiXSz+fFTeKaVIQwioYsrOFd/T2QolDINfd0ZIjWWy95M/M/rJSq4cjPK40QRjheLgoRBFcFZEnBIBcGKpZogLKi+FeIxEggrnVdRh+Asv7xK2lXLubRq99Vy4yaPowBOwCk4Bw6ogwa4A03QAhik4Bm8gjfjyXgx3o2PReuakc+UwB8Ynz8R6ZJ2</latexit>

c2s < 10�4.7 <latexit sha1_base64="V621Rrv48rI9ahoAEBl2eA3iGPs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GXRTZcV7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/+0ClYrG419OEehEeCRYygrWRfLs6iLAeE8yz5sx30CBhvl1z6s4caJW4BalBgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6qwxSRRNMJnhE+4YKHFHlZfPoM3RqlCEKY2me0Giu/t7IcKTUNArMZB5ULXu5+J/XT3V47WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bFlOAuf3mVdM7r7mX94u6i1rgp6ijDMZzAGbhwBQ1oQgvaQOARnuEV3qwn68V6tz4WoyWr2DmCP7A+fwDQc5O4</latexit>

H0⇡

<latexit sha1_base64="n2xX1v3q1bSE5T+K44a9azob1II=">AAACCXicdZDLSgMxFIYzXmu9jbp0E2wFV2VaWnVZdONKKtgLtLVk0kwbmkmG5IxQhm7d+CpuXCji1jdw59uYtiOo6L/J4fvPIef8fiS4Ac/7cBYWl5ZXVjNr2fWNza1td2e3YVSsKatTJZRu+cQwwSWrAwfBWpFmJPQFa/qj86nfvGXacCWvYRyxbkgGkgecErCo5+JLhbk0QHwuOIxxoDQWRA8YztOeuSnle27OK1Q8qxL2CtO3XMEpqeDijHheDqWq9dz3Tl/ROGQSqCDGtIteBN2EaOBUsEm2ExsWEToiA9a2pSQhM91kdskEH1rSny0RKAl4Rr9PJCQ0Zhz6tjMkMDS/vSn8y2vHEJx2Ey6jGJik84+CWGBQeBoL7nPNKIixLQjV3O6K6ZBoQsGGl7UhfF2K/y8apULxuFC+KuWqZ2kcGbSPDtARKqITVEUXqIbqiKI79ICe0LNz7zw6L87rvHXBSWf20A85b58foJlU</latexit>

No instability for large c2s
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c2s ! 0

This PDE is unstable. The 
curvature  of the scalar field 
around minima blows up in 
finite time.

Non-linear scalar field equation:

<latexit sha1_base64="7pfjp9R31DNgEBjGJFrf7rAtf6A="></latexit>

d2⇡

d⌧2
= +c2s

@2⇡

@r2
� ↵

⇣d⇡
dr

⌘2

Spherical symmetry

<latexit sha1_base64="bXFkI+Ac10G2Imn5gRH3u4h81mg="></latexit>

d2⇡

d⌧2
= �↵

⇣d⇡
dr

⌘2



<latexit sha1_base64="bXFkI+Ac10G2Imn5gRH3u4h81mg="></latexit>

d2⇡

d⌧2
= �↵

⇣d⇡
dr

⌘2
<latexit sha1_base64="wPpefoDAb1PU3ed6Rz/G2SsBwv0=">AAACE3icbVDLSgNBEJyNrxhfqx69DAYhEQm7IagXIejFYwTzgGwMvZPZZMjs7jAzK4Ql/+DFX/HiQRGvXrz5N04eB40WNBRV3XR3+YIzpR3ny8osLa+srmXXcxubW9s79u5eQ8WJJLROYh7Llg+KchbRumaa05aQFEKf06Y/vJr4zXsqFYujWz0StBNCP2IBI6CN1LWPPcG6Chc8DcmJLF5gL5BAUm8IQsBULY7T8hjLu3LXzjslZwr8l7hzkkdz1Lr2p9eLSRLSSBMOSrVdR+hOClIzwuk45yWKCiBD6NO2oRGEVHXS6U9jfGSUHg5iaSrSeKr+nEghVGoU+qYzBD1Qi95E/M9rJzo476QsEommEZktChKOdYwnAeEek5RoPjIEiGTmVkwGYELRJsacCcFdfPkvaZRL7mmpclPJVy/ncWTRATpEBeSiM1RF16iG6oigB/SEXtCr9Wg9W2/W+6w1Y81n9tEvWB/fFcedDQ==</latexit>

⇡s(⌧, r) =
(⌧)

2
r2

<latexit sha1_base64="PqU2XbVkzx8FX2I16OlB9703ers=">AAACMXicbVBNS8NAEN34bf2qevSyWIR6KUkp6kUQvfSoYFVoYplsN+3STbLsToQS+pe8+E/ESw+KePVPuGl78OvBwOO9GWbmhUoKg647dubmFxaXlldWS2vrG5tb5e2dG5NmmvEWS2Wq70IwXIqEt1Cg5HdKc4hDyW/DwUXh3z5wbUSaXONQ8SCGXiIiwQCt1Ck3fQUaBchO7iNko/t67g9AKRhVaSEc0lPqg1R9oNSXPML21K bVietr0etjQO/rnXLFrbkT0L/Em5EKmeGyU372uynLYp4gk2BM23MVBnlxDZN8VPIzwxWwAfR429IEYm6CfPLxiB5YpUujVNtKkE7U7xM5xMYM49B2xoB989srxP+8dobRSZCLRGXIEzZdFGWSYkqL+GhXaM5QDi0BpoW9lbI+aGBoQy7ZELzfL/8lN/Wad1RrXDUqZ+ezOFbIHtknVeKRY3JGmuSStAgjj+SFvJI358kZO+/Ox7R1zpnN7JIfcD6/AODmqVo=</latexit>

@2
⌧(⌧) = ↵ [(⌧)]2

<latexit sha1_base64="wG0Wj9b5nA+OpNOvXzGLXhHPXig=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinoRioJ4rGA/sI1ls920SzebsLuRltB/4cWDIl79N978N27bHLT1wcDjvRlm5nkRZ0rb9reVWVldW9/Ibua2tnd29/L7Bw0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPrqd98olKxUNzrcUTdAPcF8xnB2kgPN8XRKbpEo8dyN1+wS/YMaJk4KSlAilo3/9XphSQOqNCEY6Xajh1pN8FSM8LpJNeJFY0wGeI+bRsqcECVm8wunqATo/SQH0pTQqOZ+nsiwYFS48AznQHWA7XoTcX/vHas/Qs3YSKKNRVkvsiPOdIhmr6PekxSovnYEEwkM7ciMsASE21CypkQnMWXl0mjXHLOSpW7SqF6lcaRhSM4hiI4cA5VuIUa1IGAgGd4hTdLWS/Wu/Uxb81Y6cwh/IH1+QNzZI97</latexit>

F (x) = x2
We can think of this ODE as 
Newton’s second law

Hassani, Shi,  Adamek, Kunz, Shi, Wittwer; arXiv:  2107.14215 
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(⌧) =
3

2(⌧ � ⌧b)2

One special solution

<latexit sha1_base64="kq4P3UbIoq6APewd9Tp2HQTwLak=">AAACEnicbVDLSsNAFJ34rPUVdelmsIjtwpK0RbsRit24rGAf0MQymU7aoZMHMxOhhHyDG3/FjQtF3Lpy5984abPQ1gMXDufcy733OCGjQhrGt7ayura+sZnbym/v7O7t6weHHRFEHJM2DljAew4ShFGftCWVjPRCTpDnMNJ1Js3U7z4QLmjg38lpSGwPjXzqUoykkgZ6qQmvrAkKQ3QGi0bpvgLPoeVyhON6EleTuZUa1YFeMMrGDHCZmBkpgAytgf5lDQMcecSXmCEh+qYRSjtGXFLMSJK3IkFChCdoRPqK+sgjwo5nLyXwVClD6AZclS/hTP09ESNPiKnnqE4PybFY9FLxP68fSbdux9QPI0l8PF/kRgzKAKb5wCHlBEs2VQRhTtWtEI+RCkSqFPMqBHPx5WXSqZTNi3LttlZoXGdx5MAxOAFFYIJL0AA3oAXaAINH8AxewZv2pL1o79rHvHVFy2aOwB9onz+JFZrq</latexit>

C = 0(0)2 � 8

3
(0)3



V-type blowup

(Hassani, Adamek, Kunz, Shi, Wittwer; arXiv: 2107.14215 & arXiv: 2204.13098)

<latexit sha1_base64="0ZwUOSW7Mls+3r9wYIBzFC7gCko=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VooZZEiropFN24rGAf0IQwmU7aoZMHMxNpCf0KN/6KGxeKuBV3/o2TNoK2HrhwOOde7r3HjRgV0jC+tNzK6tr6Rn6zsLW9s7un7x+0RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdXad+555wQcPgTk4iYvtoEFCPYiSV5OinVkRLRmVcrhsVaEWIS4qYk1gSxdMfC9ah1RzS0rjs6EWjaswAl4mZkSLI0HT0T6sf4tgngcQMCdEzjUjaSboGMzItWLEgEcIjNCA9RQPkE2Ens7em8EQpfeiFXFUg4Uz9PZEgX4iJ76pOH8mhWPRS8T+vF0vv0k5oEMWSBHi+yIsZlCFMM4J9ygmWbKIIwpyqWyEeIo6wVEkWVAjm4svLpH1WNc+rtdtasXGVxZEHR+AYlIAJLkAD3IAmaAEMHsATeAGv2qP2rL1p7/PWnJbNHII/0D6+ATsCnOw=</latexit>

⇡(0, x) = 0, @⌧⇡(0, x) = �(x)



M-type blowup 

<latexit sha1_base64="7jzMgiYgDRcnaUYgJUg8tkppEf0="></latexit>

d2u

d⌧2
= +c2s

@2u

@x2
� ↵

⇣du
dx

⌘2

<latexit sha1_base64="xeiNp1BBAfz8KN33HqDtc7jBN1w="></latexit>

In 1+1 D blows us for any ↵ > 0 and c2s � 0

(Eckmann, Hassani, Zaag; arXiv: 2205.01055)



Take home messages:
• Non-linearities can be VERY important

• Cosmological N-body simulations bound :

• From mathematical point of view any        leads to an instability! 

• Can k-essence be a cosmic acceleration candidate? 

<latexit sha1_base64="vzu3coPhUgQGJwlBfrJNe1svbpM=">AAAB73icbVDLTgJBEOz1ifhCPXqZCCaeyC4x6pHoxSMm8khgJbNDL0yYnV1nZk0I4Se8eNAYr/6ON//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/WbT6g0j+W9GSXoR7QvecgZNVZqlVhXP1RKpFsoumV3BrJMvIwUIUOtW/jq9GKWRigNE1Trtucmxh9TZTgTOMl3Uo0JZUPax7alkkao/fHs3gk5tUqPhLGyJQ2Zqb8nxjTSehQFtjOiZqAXvan4n9dOTXjlj7lMUoOSzReFqSAmJtPnSY8rZEaMLKFMcXsrYQOqKDM2orwNwVt8eZk0KmXvonx+VylWr7M4cnAMJ3AGHlxCFW6hBnVgIOAZXuHNeXRenHfnY9664mQzR/AHzucPihSO/g==</latexit>

c2s

<latexit sha1_base64="mqWH9KMwG9cWTita0wIAip2ikwM=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AieDHshmA8Br14jGAekGyW2clsMmT2wcysEJaAv+LFgyJe/Q5v/o2TZA+aWNBQVHXT3eXFnEllWd9Gbm19Y3Mrv13Y2d3bPzAPj1oySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y1vZ377kQrJovBBTWLqBHgYMp8RrLTkmicl4sp+pTekyLb66WW1XJuWkGsWrbI1B1oldkaKkKHhml+9QUSSgIaKcCxl17Zi5aRYKEY4nRZ6iaQxJmM8pF1NQxxQ6aTz86foXCsD5EdCV6jQXP09keJAykng6c4Aq5Fc9mbif143Uf61k7IwThQNyWKRn3CkIjTLAg2YoETxiSaYCKZvRWSEBSZKJ1bQIdjLL6+SVqVsX5Wr95Vi/SaLIw+ncAYXYEMN6nAHDWgCgRSe4RXejCfjxXg3PhatOSObOYY/MD5/ANH5k3Y=</latexit>

c2s � 10�4.7



Thank you J


