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Late time cosmology
• The Universe originated in the hot 

big bang. The tiny (quantum) 
density fluctuations in the plasma 
are extremely simple: close to a 
Gaussian random field.


• After 380000 years at 3000 Kelvin, 
these fluctuations grew into the 
cosmic web, consisting of voids, 
walls, filaments, and clusters 
under non-linear gravitational 
collapse.
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Lagrangian fluid dynamics

• Zel’dovich approximation (1970): 
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x(t) = q+ st(q)
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r2 (q) = 4⇡G⇢0�(q)

• Shell-crossing: density spikes at 
the caustics 

• Lagrangian fluids
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Caustics and Catastrophes

1980

1982

1972
• Vladimir Arnol’d 

extended René Thom 
classification of stable 
degenerate critical points 
to Lagrangian 
catastrophe theory  

• The classification of 
caustics was applied to 
large-scale structure 
formation to predict the 
geometric structure of 
the cosmic web 

• Renewed interest, 
Hidding et al (2013)



The caustic skeleton in 3D 



Feldbrugge et al (2019)

Shell-crossing condition



Caustic conditions
Iterative application of the shell-crossing condition  

leads to the caustic conditions on both the eigenvalue and eigenvector fields: 

Morse-Smale theory of full deformation tensor field. No free parameters!
Feldbrugge et al (2019)



Density perturbation 
v.s. eigenvalue fields 
• The eigenvalue and eigenvector 

fields are non-linear 
transformations of the density 
perturbations 

• The web-like nature is embedded 
in the distribution of the 
eigenvalue and eigenvector fields



Caustic skeleton



Caustic skeleton



Skeleton in 3D



Skeleton in 3D



Skeleton in 3D



Dictionary: early and current universe
• The caustic skeleton is a 

dictionary between the initial 
conditions and the geometry/
connectivity of the cosmic web, 
based on the underlying dynamics

And the corresponding Morse-points on the skeleton

• Connection between the simple 
Gaussian statistics and the 
intricate non-linear universe 

• Eigenvalue and eigenvectors



Dressing the caustic skeleton
• Assessing the mass distribution in and 

around the caustic spine of the cosmic web:


• What are the properties of walls/
filaments/clusters?


• What is their mass distribution?


• How do they form and relate to the initial 
conditions?


• Detailed merging history and hierarchical 
evolution of the filamentary network?



Constrained GRF theory
• Generate Gaussian random fields subject to constraints.


• Linear constraints: Hoffman-Ribak algorithm:


• The statistical properties of the residue of a cGRF with respect to the 
mean field is independent of the values of the constraints


• Generate GRF     Measure constraint values    Evaluate corresponding 
mean field    Evaluate residue  Add residue to mean field with target 
constraint values


• Algorithm only works for linear constraints on a Gaussian field

Bertschinger 1987  
Hoffman, Ribak 1991 
van de Weygaert & Bertschinger 1996

Log normal model: Ravi Sheth 1997



Constrained GRF theory
Given the constraints: 


we obtain the mean field: 

and the variance of the residue:

To generate realizations, we generate an unconstrained GRF, find the ’s, 
find the residue and add the residue to the mean field of the target constraint 
values

ci

Bertschinger 1987  
Hoffman, Ribak 1991 
Bertschinger and Weygaert 1996



Non-linear constraints
• The eigenvalue and eigenvector fields are not Gaussian, and the caustic 

conditions are non-linear. For this reason, we develop non-linear 
constraint Gaussian random field theory

• On this constraint manifold, we find the induced 
probability density  



Non-linear constraints
• Using the properties of the constraint manifold we can leverage the 

Hoffman-Ribak principle for non-linear constraints:


• The mean field:


• The variance: 


• To generate realizations, we first sample the constraint manifold. Given the 
constraint values, we use the Hoffman-Ribak algorithm 


• Very efficient and does not require expensive Bayesian inference MCMC 
techniques



Generating the cusps/filaments
Caustic conditions of the cusp

with the orientation with respect to the eigenvector field

In the eigenvector frame, we 
can express the derivatives 
of the eigenvalues in terms 
of the Gaussian random 
field



Generating the cusps/filaments



Generating the umbilics/clusters
Caustic condition

Elliptic umbilic:

Hyperbolic umbilic:



The statistics of the residue



Realizations



Realizations
We can locally 
change the 
orientation of the 
filament



• Shell-crossing condition enables us to derive 
caustic conditions in 3D 
• Caustic skeleton of cosmic web depends on the 

eigenvalue and eigenvector fields 
• Filaments and walls do not require multiple shell-

crossings 
• We extend constrained Gaussian random field 

theory to non-linear constraints 
• We generate constrained initial conditions tied to 

the dynamics of structure formation 
• Using these techniques we can dress the caustic 

skeleton and systematically study the cosmic web 
• Combining with ML, we want to study data

Summary


