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Why cross-correlations between different datasets?
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Schmittfull, Selijak (2017)
Yu, Knight, Sherwin+ (2018)



Total Sum of Neutrino Mass

Neutrino oscillation measurements implies
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Planck 2018 sets an 95% upper bound of 
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Primordial Non-Gaussianity

We focus on the local non-Gaussianity
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Insights into many physically motivated inflationary scenarios

Planck 2018 sets an 68% CL of 
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Ø Application



Matter Density Field

Some corrections needed in the presense of massive neutrinos

• Amplitude of the total matter density

• Scale-dependent growth function

7Lesgourgues, Pastor (2006)
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Galaxy Number Density

We consider the EFTofLSS

At one-loop power spectrum, we need up to third-order terms as 
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Galaxy Power Spectrum and Bispectrum

• Power Spectrum (Up to one-loop)

• Bispectrum (Only tree-level)

9

<latexit sha1_base64="g9C6xCRwGlxSPOA7veCFwtBehB0="></latexit>

P gm = b�
�
P cb,m
11 + P cb,m

13 + P cb,m
22

�
+ b�2Icb,m

�2 + bG2I
cb,m
G2

+ (bG2 +
2
5b�3)F

cb,m
G2

P gg = b2�
�
P cb,cb
11 + P cb,cb

13 + P cb,cb
22

�
+ 2b@2�(k/k⇤)

2P cb,cb
11 + 2b�b�2Icb,cb

�2 + 2b�bG2I
cb,cb
G2

+ (2b�bG2 +
4
5b�b�3)F

cb,cb
G2

+ b2�2I
cb,cb
�2�2 + b2G2

Icb,cb
G2G2

+ 2b�2bG2I
cb,cb
�2G2

<latexit sha1_base64="96fJ5/E7+gbNlKUelB/htTRCfqk="></latexit>

Bmmm = 2Pmm
2 Pmm

3 F2(k2,k3) + 2 perms

Bmmg = 2Pmm
2 P cb,m

3

�
b�F2(k2,k3)

�
+ (1 $ 2) + 2P cb,m

1 P cb,m
2

�
b�2 + bG2L2(k2,k3) + b�F2(k2,k3)

�

Bmgg = 2b�P
cb,m
1 P cb,cb

2

�
b�2 + bG2L2(k1,k2) + b�F2(k1,k2)

�
+ (2 $ 3) + 2b2�P

cb,m
2 P cb,m

3 F2(k2,k3)

Bggg = 2b2�P
cb,cb
1 P cb,cb

2

�
b�2 + bG2L2(k1,k2) + b�F2(k1,k2)

�
+ 2 perms

Assassi, Baumann, Green+ (2014)



Primordial Local Non-Gaussianity

Two kinds of contributions to the galaxy spectra

• Direct relation to the primordial potential

• Scale-dependent galaxy bias

10Dalal, Dore, Huterer+ (2007)
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Projected Observables
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Advantages:
• Direct Observables
• Combination with weak lensing

Disadvantages:
• Line of sight integral is time consuming 

(w/o Limber)
• We may lose some information
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Line of Sight Integral

The spherical harmonic coefficient of the projected field is

Then we can write correlation function as
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Problems with Limber Approximation

• Fails at large scale, or small ℓ’s

• Fails for non-overlapping tomographic bins

• Wide tomographic bin

14

<latexit sha1_base64="1r8tLabCjuQMeEz5QmlbmjUFbpc="></latexit>

j`(x) '
r

⇡

2`
�D(`+

1

2
� x)

Limber (1954)



FFTLog Algorithm

Fast Fourier Transformation in Log k
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FFTLog Algorithm
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Involves growth function and matter power spectrum



FFTLog Algorithm: Take a closer look

If                                     , we can have  
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Incorparating Scale-Dependent Growth Function
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Angular Power Spectra and Bispectra

• Power Spectra

• Bispectra
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Can we make it even faster? Take 𝐶ℓ for example
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Can we make it even faster? Take 𝐶ℓ for example
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𝑀! : whether including the scale-dependent growth function
𝑁" : number of sampling points in the integral
𝑁# : number of modes for the FFTLog tramsformation 
𝑁$%&' : degree of the polynomial expansion

Chen, Lee, Dvorkin (2021)



Comparison between Limber and FFTLog
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Comparison between Limber and FFTLog
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Experimental Specifications

We consider cross-correlated power spectra and bispectra
• Power spectra: Tree + One-loop with
• Bispectra: Tree with 
• Both set 

We split it into 16 tomographic bins up to z = 7

We consider the following cosmological parameters

25
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Results of Fisher Forecast
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Discussions on results of Fisher Forecast

• CMB lensing

• Bispectrum

• One-Loop power spectrum

• Limber v.s. FFTLog
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Limber v.s. FFTLog

The width of the constraints are similar between Limber and FFTLog

But there are biases for the best-fit parameters!

How do we estimate the bias?
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𝑓NL and 𝑀! show 1 to 2𝜎 shifts on the best-fit 
parameters!

• 𝑓NL contributes to large scale in power spectrum
• The free-streaming scale for neutrino is roughly 0.02 
ℎ Mpc(), but Limber works well above 0.05 ℎ Mpc()

Chen, Lee, Dvorkin (2021)
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Conclusions

• FFTLog algorithm provides a good way for precise computation

• Limber approximation can induce systematic biases on the best-fit 

parameters

• Adding one-loop corrections, CMB lensing and bispectrum can each 

improve the overall parameter constraints by a factor of 1-2

• Significant detection of neutrino mass is possible
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