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“The black holes of nature are the most Perffet%
macroscopic objects there are in the universe: the
ov\tv elements i their consktruction are our
concepts of space and time!

Q ~-Chandrasekhar




Motivalkion

Black holes are simple buk mysterious

YA hew era 0{ gr&\/i&a&omai WAVE
asEramomv”""“

' Binary BH mergers probe gravity in a
wide v&r&a&v of reqgimes

 This talle: Linear Per&urba&mv\s;
Schwarzschild for simplicity

o Many/(all?) results apply to Kerr

Inage: NASA
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% Laclk Hole S && TOSED Fv

o Ringdown dominated bj

quasmormat modes l
o QNMs: d@.&&j&hﬁ waves with BCs: |

o Ingoing at horizown

o Outgoing at infinity '

® Discrebe spe&&ra: allows
spectroscopy a la atoms | \

o Applications: no-hair (Isi+
1908,00%&9), tests of GR, BH
minicleers, ...
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Black Hole

o Ringdown dominated b'j

qu&smormai. modes

Spectroscopy

o QNMs: cie&av&hg waves wikth BCs:
o Ingoing at horizown
o Outgoing at infinity

8 Discrele spe&&ra: allows
sye&%ros&agv a La aktowms

o Applications: no-hatir (Isi+
1908,00%&9), tests of GR, BH
minicleers, ...

Figure: Berti, Cardoso, & Starinets (09052975, CREG review)



o During nspiral, companion object

sources a tidal field

o Crravikakional response o Eidal
deformation encoded in Love

numbers

@ Measures internal skructure

o Observable ok 27N

o Wilson coefficients of point-particle
EFT encoding finite size/structure:
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&8 PC) NsSes & Love Numbers

Image: C. Henze/NASA Ames Research Center



Hinks Of Summelbrie
(in D=2 GR)
53MM€&1‘3 an LOVQ? Black hole Love numbers = o

“Fine tuning”: vanishing EFT coefficients (Porto, 1606.0%%95)

SUMMQ&‘!”'; Oﬂf SP@.&%?&? Both GW FOLQfEZ.QEEOMS have the
samwie QNM spec&ru,m

Caused by a duality of the Einstein equations



A Black Hole Perturbakion T heory Primer

(for cosmologists)

|
Expand metric around background 8w = 8uv 2 _h/,w
MPl
Splik by behavior under parik _ J,even odd
(\Ez. s&aig/vetﬁor/&ensor c&etampog,&mn)v h//”/ h//”/ A h//”/

Decompose into (m=0) spkevicat harmomnics h/,u/(ta r,0,9) = Z h;fy(t? r)©(0)
/ L

Y0, SIN 00,Y 4

(viz Fourier axpamsiom)

Graviton has 2 dof: 1 in even sector and 1 in odd

At infinity, these correspond to +/x polarizations



o Encode dynamical d.of. in ‘Master equation: i
master variables: | ;
0P, (t,r) 0.1 |

® BEven: Zerillt VY, s + Vo.(nW.(@,r) =0

2 |

2 0dd: Reqgqe-Wheeler V_

o These obey simple
Schrodinger-like equations

o Tortoise coordinake:

rS




Chandraselhars Dualik Y

o Secret Link between Regges 1 —= 9,3 4 124272 + 8AZ(1 + )r’ + 18Ar?r
Wheeler and Zerilli e 2 TR d
Pa&em&iats: : S 2 s SR

dW

V.(H) = WAr) T (7) i 5 s (1_£> (f(ml) 3;»5)
Ve

with W(r) the sup@.rpcw%emﬁai

and B a constant

 This direa&? Empiias
Lsms[p@.{’:&rati Y
Chandrasekhar (19%0s)

¢ M ? QQS% EQ: I d(:} i
| Ehis pro per%v i &R come |




To sEudfj symmetries, we
want ko work at the level of
the actiown:

M2
Qi Pl

TJd4X\/—gR

Whv? Allows us to calculate
e.q. Noether currents

| Procedure f,
1. Fix gauqe ‘
2. Integrate out non-

| cbjmami&:at (&uxi;l.i;arv)
| dofs
8=+ Ty s s, Camam&aaﬁj normalize: |
| rescale field and |
| coordinates :

parity and spherical harmonics decoupling:

e [dzdrfzi(t, r)
A



ein-Hilbert

Canonical normalizabkion
5 Coordinate choice: r = r,

A

leld redefinition: h/f,, —+ilk
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Chandraselchar Bu&i&%v uA Ackiown

f?;epi.atma the po&em&ats wikth Ehe super[po&ev\&ah

o ov,\2 [or,\ ,_dw :
SZEZJdtdF*Z [( Y ) —(ar*> —(W +d—r*+ﬁ)‘11__,_]

=2 i

the ackion is Uavariank under

0
O, = (— = W(r)) T
5 or,

We see that Chandraselkhar duality is a symmelry of Einstein-
Hilbert (i.e., off-shell)

(NB: can also write symmetry at the level of mekric parmrbaﬁmms)



A F.? F'i. Leakion: Tidal Res F?O nse

o Noether current for static solutions:

J*=0,%,0,¥Y_ +WW¥o¥ -V 0 ¥,)— (W +p¥,¥_=const.

® f?;egutar&j abk Ehe horizown: J'* =0

® AL tafimiby: W, oc P FSEF G T o« (2D
% *Bu,oii;%tj Empties equ&t Love numbers

@ Not quite vanishing, but ketpfu.i.: odd sector much
simpler than even



Minkcowskei Limik

Electric-magnetic du&i&v

Duality in the flat Limik: o, =—¥_
SO(2) S, =W,

Empu@.s, on-shell,

~J

Crravitational eleckric- 6R//tl/0{ﬁ = A% 0
maghetic duality: SR

Ryvap = E‘SMVPO'RPG(M

uvaf — T Nuvap

M ci,u,ai;i;%v previously known symmetr of Einstein-Hilbert
around Minkowski, (AYAS



Vanishing Love, Mathematically

static Regge-Wheeler: 0; ¥ — V(¥ =0

v Horizon Infinity

qrowiing Y ~ e (tidal field)
1

rf+1

(reqular) y ~ const.

bi. F, w ~ In(1 —r/r) decaying y ~

(static resymmse}

Love number: coefficient of d@ﬂ&viﬂg term

. Math: why do these diff egs have this property?
?hvsws: wkv does &R give us Aiff eqgs Lilkee Eki,s;?



See also Charalambous,
Dubovsky, and Ivanov

s SPE“MMO War M“UF?

Klein-CGrordon on Schwarzschild:  V2¢ =0 ) Hupp=0
{
H,=—A[0(A0,) — £(£ + 1))| A =rr— 1)
Admiks TASING qnd tors: DY = — Ao il 2
Adamits J awn lowering operators: = — ,,-LI,: 3 (37 )
D, =No -+ E(VS — 2r)

in the sense that H,, (Di¢,) =0

H, ((Dy;¢,) =0




Turiing the Ladder Sidewa Ys

® The raising/lowering svmme&r:ﬁ D;—r s unusual: itk relates
solutions at different levels 7

o > symmelry for each level Ev\ci.&viduauv

@ S&ro&egjz lower ko £ =5 and use kranslation symme&rg

2 Horizowntal SjMM@ETU? 5¢f = qub,g QO = Aar
Ql = D() QODI_

2 Cownserved charge: P, = Ad (D Dy D, ¢py)

Pi="\¢
See also COMF’&OM and 0 r ¢O :
Morrison (2003.0%023) Qbﬂ — D;_ : Qf_1 DL;



\;&V\ESL‘&EMS L oovi

o Charge conservation implies Love = ©

@ P, =0 for gqrowing (E,WFEMELE:?) and constant | ,ﬁ;') SN
| et

@ P, # 0 for decaying (infinity) and divergent
(horizon) modes

o Spontaneous symmelry Dreaking:

Qf¢;g) =0, Q{¢;d) # 0

o Cownclusion: a d@.&&vahg Ferm ci&verges abk bhe
hortzon

o This also implies no (stakic) hair




TS UP Q%r\d ‘9(;) w3 A

B 3

B jL_]é AR £ = const.

R 3
£ =5+2
t=Sk1
L= (plus translation symmetry)




Cveomebrie Inker

From Schwarzschild

- e T
Skakic scalar: S = EJd x\/§¢[|¢

Conformal Eransformation:
B L4A_2gija b= L_I\E¢ L: arbitrary scale '
so that
5= [awE (5054 o
=— |d°x
71 R

The metric g, is nothing other than AdSs

AAS



(Ve

Killing vectors of AdS: generate

1
2

From Schwarzschild

Esome&rv:

o = —2A cos 00 ¢ + (r, — 2r)0,(sin O¢)

‘Be&ompose LA s[ak@.ri;&ai.

harmonics:

O

fNDf
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1¢f—1 T Dz/;
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To Kerr: S F.? L L&dd T

Teuleols Lf:j equ&&mw

P, e
0. (Aargb;S)) +5Q2r = rd g+ (a i ZS(AZF fhosit (0 (7 +5+ 1)> ¢ =0

Adwmiks Lladders in £ and SPEM!

Bndmel

r

Etf=0., E =A0,—s(r,+r_—2r)—2iam
r.—1_

Relates solutions to Klein-Gordon, Maxwell, and Einstein

> vanishing gravitational Love|

NB: also have ladders for Reqqe-Wheeler and Teukolsky for more direct proa{



?oimﬁmpar&d@; EFT:
treat BH as a point, encode structure in
: g: (monopole) scalar charge
higher-order Operaﬁors St Doy

y: worldline einbein

I i A 2
g Ejd‘lx(dgb)z 3 dey [—y 2x/"xﬂ —— bt 2 2;! (8(%---6&1{)#) ]

UV symmelry in {Laﬁwspaﬁ@. Limik:  S¢p = r? cos 00,¢ + rd,(sin O¢h)

‘Pw\ﬂhimez only the bulie (Ogb)2 term is mvarmv\%



Sum MATY

o Vanishing Love numbers and Esasye&%r&t
QNMs both indicate hidden symmetries of
Gl (/massless fields on Schwarzschild)

o We find symmetries of Einstein-Hilbert
underlying these:

o QNMs: EM duau&v o Schwarzschild

o Love = o: ladder symmetries (shift sym +
conformal Killing vector/ladder svms)




