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Cosmic Web

SDSS redshift survey Millennium simulation
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The classification of caustics

Singularity Singularity

Feature in the

Feature in the

class name 2D cosmic web 3D cosmic web
Ao fold collapsed region collapsed region
As Cusp filament wall or membrane
Ay swallowtail cluster or knot  filament

As butterfly not stable cluster or knot
D, hyperbolic/elliptic  cluster or knot  filament

Ds parabolic not stable cluster or knot

The identification of the different caustics in the 2- and 3-dimensional cosmic web



Lagrangian fluid dynamics

 Describe the deformation of the fluid
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Shell-crossing condition
q2 To
qll T

ds

> 1 > T

Theorem: A manifold M C L forms a singularity under the mapping x; in the point
x¢(qs) € xi(M) C E at time t, meaning that x;(M) is not smooth in x4(qs), if and only if
there exists at least one nonzero tangent vector T' € T, M satisfying

(1 + pit(gs))vig(gs) - T =0

forall1=1,2,...,dim(L).
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Caustic conditions 7 NN
Aj Dy « DY
Iterative application of the shell-crossing condition N / 4

J J J 7
(1 + pit(gs))viz(gs) - T =0 Ay — Az < Ay < Ay

leads to the caustic conditions on both the eigenvalue and eigenvector fields:

Fold: Ai(t) ={q e L |1+ pu(q) =0}

Cusp: Ai(t)={q e L | qe Ay(t),v; - Vuir = 0}

Swallowtail:  Aj(t) = {q € L | q € AL(t),v; - V(v; Vi) =0}
Butterfly: AL(t)={qe L|qe At),vi- V(v V(vi-Vpu;)) =0}

Umbilic: DY(t)={a€L|1+p(a) =1+ pp(a) =0}
Parabolic:  Dd(t)={qe L | qe€ Dj(t),vi-Vu; =v;-Vu; =0}

Morse-Smale theory of full deformation tensor field. No free parameters!



First eigenvalue Second eigenvalue
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First eigenvalue Second eigenvalue




Zel’dovich flow N-body flow
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Zel’dovich flow N-body flow
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/el’dovich flow % N—boy flow




Scotch flow N-body flow




Scotch flow N-body flow




Scotch flow
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Lagrangian space Eulerian space







Lagrangian space Eulerian space




Lagrangian space Eulerian space
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Lagrangian space Eulerian space
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Eulerian space
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Lagrangian space Eulerian space




Fold and cusp caustic




Caustic skeleton

Applied to the Zel’dovich
approximation, we obtain
the caustic skeleton in terms
of the initial conditions

st(q) = x(q) — q

st(q) = —by (t)Vq\I!(q)
2

W(q) =




Caustic skeleton

Cusp sheets — walls

The cusp walls correspond to
only one eigenvalue field




Caustic skeleton

Swallowtail line — filament
Elliptic/hyperbolic — filament

The swallowtail filaments
correspond to only one
eigenvalue field




Caustic skeleton

Butterfly — cluster
Parabolic — cluster

The butterfly clusters
correspond to only one
eigenvalue field




Caustic skeleton

The caustic skeleton
accurately follows the large-
scale geometry of the
N-body simulation.




The evolving Cosmic skeleton




The flip-flop field

The accuracy of the caustic skeleton
can be studied in more detail by
comparing it with dark matter N-
body simulations.

The flip-flop field of 3D N-body 1LY ek LN
simulation used by the comparison =4/ AN
project Libeskind et al. (2018)
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The flip-flop field

Gaussian smoothing of
initial conditions:
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The flip-flop field

Gaussian smoothing of
initial conditions:
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The flip-flop field

Gaussian smoothing of
initial conditions

o =3.1h " 1Mpc
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Summary

* Shell-crossing condition enables us to derive caustic conditions in 3D

Caustic skeleton of cosmic web depends on the eigenvalue and eigenvector fields
Filaments and walls do not require multiple shell-crossings

Two types of filaments

Caustic skeleton closely resembles N-body simulations without free parameters
What are the statistical properties of the skeleton in comparison to N-body?
Caustic web of the local universe with constraint simulations.




