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Classical Dynamics
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Approximate: Shoot Particles
follow initial gravitational potential

x(q, a) = q � ar'ini
g (q)

<latexit sha1_base64="5iQAFbflglIPiUYiipZiHzBPTmU="></latexit>

v(q, a) = �r'ini
g (q)

<latexit sha1_base64="lfFmSrXc+fAadhCAUFpJY9WvoAQ="></latexit>

v(q, a) = �r'ini
g (q)
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Free Propagation

S0(x, q, a) =
1

2
(x� q) · x� q

a
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Free Propagation

transition amplitude

 0(x, a) = N

Z
d3q exp


i

~S0(x, q, a)

�
 ini
0 (q)

<latexit sha1_base64="TBzicZUtt62IKSFXJMgo/nlFRP0="></latexit>

small parameter

i~@a 0 = �~2
2
r2 0

<latexit sha1_base64="QgdkTIF5TmD4fKUYqwlyLdEaerY="></latexit>

Schrödinger equation
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Interactive Propagation

i~@a = �~2
2
r2 + Ve↵(x, a) 

<latexit sha1_base64="wJdFdQXpkXJaTNGIgq7mBNnuE9o="></latexit>
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4. Finally, in Sec. VI, we provide a perturbative ex-
pansion for the propagator, solve the problem up
to the next-to-leading order (NLO), and determine
the associated fluid variables in the classical limit.

III. THE COSMOLOGICAL FLUID EQUATIONS
AND THE EFFECTIVE POTENTIAL

In this section, we relate the external potential in the
Schrödinger equation (5) to an e↵ective potential within
the cosmological fluid equations. We show that, in the
fluid description, this e↵ective potential is a combination
of the gravitational potential and a term due to the over-
all expansion of the Universe.

On su�ciently large scales and before shell-crossing,
dark matter can be treated as a perfect fluid described
in terms of a single-valued velocity and density. The cor-
responding equations are usually formulated in comoving
coordinates x = r/a, where r is the physical space co-
ordinate and a the cosmic scale factor. For convenience,
we decompose the fluid density ⇢(x; a) into a background
part ⇢̄(a) and a density contrast �, which are related to
each other via � = (⇢� ⇢̄)/⇢̄. Furthermore, we make use
of a peculiar velocity v = dx/da which is related to the
total velocity via U = Hr+Ha

2v, where H is the Hubble
parameter. In the present work, we restrict our analy-
sis to a spatially flat universe solely filled with cold dark
matter, the so-called Einstein–de Sitter (EdS) universe.
A generalisation to a ⇤CDM Universe (and beyond) is
however straightforward.

For the case of a potential velocity v ⌘ �r�v, the
fluid equations in an Eulerian coordinate system consist
of the Bernoulli, continuity and Poisson equation, which
are (see e.g. [13])

@a�v �
1

2
|r�v|

2 = Ve↵ , (7a)

@a� � r · [(1 + �)r�v] = 0 , (7b)

r
2
'g =

�

a
, (7c)

where 'g is the gravitational potential, and we have de-
fined the e↵ective potential

Ve↵ ⌘
3

2a
('g � �v) , (8)

which is a combined potential that encapsulates the ef-
fects from the cosmological potential and the Hubble fric-
tion.

Formally linearising the fluid variables around its back-
ground and evaluating the linearised fluid equations at
arbitrary early times a ! 0, it is found that analytic so-
lutions at a = 0 exist only provided one makes use of the
following boundary conditions

�
(ini) = 0 , '

(ini)

g
= �

(ini)

v
. (9)

These boundary conditions select the growing-mode so-
lutions, and are in accordance with our requirement of a
potential velocity.

Equipped with these boundary conditions, it is
straightforward to investigate the standard perturbation
theory (SPT) for the fluid equations (7). The following
power series Ansätze lead to simple recursion relations
that consistently solve the fluid equations order by or-
der,

�(x; a) =
1X

n=1

�
(n)(x) a

n
, �v(x; a) =

1X

n=1

�
(n)

v
(x) a

n�1

Ve↵(x; a) =
1X

n=1

V
(n)

e↵
(x) a

n�2
. (10)

All-order results for the density and velocity potential are
well-known (see e.g. [5]), from which one can easily con-
struct all-order perturbative results for the e↵ective po-

tential. Explicitly, at first order we have simply V
(1)

e↵
= 0,

whereas at second order we find

V
(2)

e↵
=

3

7
r

�2

⇣
r

2
'

(ini)

g

⌘2

�

⇣
rirj'

(ini)

g

⌘2
�

, (11)

with the inverse Laplacian r
�2, and implied summation

over dummy indices. For calculational details, including

explicit all-order expressions for V
(n)

e↵
, see App. A. Ob-

serve that V
(2)

e↵
is exactly zero for 1D initial conditions,

in which case '
(ini)

g only depends on one spatial coor-
dinate. In the Lagrangian-coordinates formulation, this
is just the statement that the ZA is exact only in 1D;

see the following section. Beyond 1D, V
(2)

e↵
is generally

nonzero and constitutes the most important tidal correc-
tion to the leading order, and thus should be included for
realistic modelling of the gravitational instability.

Before shell-crossing, one can relate the fluid picture
to the Schrödinger equation, by using the Madelung po-
lar form for the wave function  =

p
1 + � exp(�i�v/~)

in Eq. (5). This way, one reproduces the fluid-type equa-
tions (7), with a Bernoulli equation (7a) that receives a
new term ⇠ ~2 [34, 35]. Solving these fluid-type equa-
tions perturbatively with the Ansätze (10) reveals that
Ve↵ agrees up to second order with the one obtained from
the pure fluid approach, see App. A. Thus, up to second
order in perturbation theory, which is our focus here, the
e↵ective potential can be identically obtained from either
of the two approaches.

Equipped with an expression for the e↵ective poten-
tial appearing in the Schrödinger equation (5), we have
the ingredients to perturbatively compute solutions for
the propagator and hence the wave function. Before pro-
ceeding with the perturbative treatment of the propaga-
tor in Sec. VI, let us provide a motivation based on La-
grangian perturbation theory in Sec. IV and discuss how
our semiclassical formalism can be used to infer classical
observables in Sec. V.

V (2)
e↵ (x)

<latexit sha1_base64="zK6dNCfp129L7PRbcThL7D/AlJQ=">AAACCXicbVC7SgNBFL0bXzG+Vi1tBoOQNGE3CtoZtLGMYB6QxGV2djYZMvtgZlYMS1obf8XGQhFb/8DOv/ATnGxSaOKBYQ7n3Mu997gxZ1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEkFog0Q8Em0XS8pZSBuKKU7bsaA4cDltucPLid+6o0KyKLxRo5j2AtwPmc8IVlpyTNR00q4IEPX98W1aqpbHpa4bcU+OAv2h+7JjFq2KlQEtEntGiuffkKHumJ9dLyJJQENFOJayY1ux6qVYKEY4HRe6iaQxJkPcpx1NQxxQ2UuzS8boSCse8iOhX6hQpv7uSHEgJ6vpygCrgZz3JuJ/XidR/lkvZWGcKBqS6SA/4UhFaBIL8pigRPGRJpgIpndFZIAFJkqHV9Ah2PMnL5JmtWIfV6rXJ8XaxTQNyMMBHEIJbDiFGlxBHRpA4AGe4AVejUfj2Xgz3qelOWPWsw9/YHz8APsxmqw=</latexit>
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Schrödinger eq.

propagator

 (x, a) /
Z

d3q exp


i

~S(x, q, a)
�
 ini(q)
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 (x, a) /
Z

d3q exp


i

~S(x, q, a)
�
 ini(q)
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 (x, a) /
Z

d3q exp


i

~S(x, q, a)
�
 ini(q)
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V (2)
e↵ (q) + V (2)

e↵ (x)
i
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Propagator PT

Schrödinger eq.

 (x, a) /
Z

d3q exp


i

~S(x, q, a)
�
 ini(q)
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 (x, a) /
Z

d3q exp


i

~S(x, q, a)
�
 ini(q)
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Phase-Space Distribution

Classical Observables

coarse-grained Wigner f̄W [ , ~ ! 0]
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statistical mechanics — which is a closely related prob-
lem. Following those ideas, we construct a phase-space
distribution function f(x,p) from the wave function  (x)
using the Wigner function [42],2 which depends explicitly
on a phase-space coarse-graining scale ~,

fW(x,p)=

Z
d3

x
0

(2⇡)3
exp


�ip · x0

a3/2

�
 (x + ~

2
x0)  ̄(x �

~
2
x0),

(23)
where both  and fW are functions of time a, and  ̄ in-
dicates the complex conjugated wave function. For con-
venience we have absorbed the particle mass m in the
parameter ~, and have included the factor a

�3/2 in front
of the momentum p. This factor stems from the fact that
our wave function is defined in terms of a peculiar veloc-
ity that is related to the conjugate momentum via a

3/2

in EdS; see App. B for details.
The way the Wigner distribution fW(x,p) is con-

structed guarantees that all phase-space information is
encoded in the wave function. It is built in such a way,
that the normalised density % ⌘ 1 + � and the mean pe-
culiar momentum j = (1 + �)v are obtained as the first
two kinetic moments3

%(x) =

Z
d3

p fW(x,p) = | |
2
, (24)

j(x) =

Z
d3

p
p

a3/2
fW(x,p) =

i~
2

[ r ̄ �  ̄r ] . (25)

Note that the velocity can be written as a gradient
of the phase, v(x) = �r�v(x), of the wave function
 =

p
1 + � exp(�i�v/~), if and only if the amplitude

and phase are su�ciently smooth. Shell-crossing how-
ever causes strongly oscillatory behaviour, see Fig. 2,
which also generates vorticity as we shall discuss later
in Secs. VB and VIIC. This vorticity can be nonetheless
extracted from the velocity field v = j/⇢ using the just
introduced kinetic moments.

While in principle we could work with explicit expres-
sions for density and momentum, the Wigner function
provides a concise and elegant way of simultaneously en-
coding density and velocity information, which allows to
infer the Lagrangian displacement and corresponding ve-
locity from its classical limit.

2
We note that the Wigner distribution function is technically not

a proper phase-space distribution when resolved on phase-space

scales smaller than ~, since it can be negative and thus is a quasi-

probability distribution that escapes the simple interpretation as

a probability density. Hence, one should interpret equation (23)

in a coarse-grained sense avoiding violation of uncertainty re-

lations, which can be formalised by using the Husimi distribu-

tion [43]. Since we will be interested in the classical limit, this

coarse-graining scale will ultimately become superfluous.
3

Within the single particle probabilistic Copenhagen interpreta-

tion of quantum mechanics, ⇢ is usually called the ‘probability

density’ and j the (conserved) ‘probability flux’.

A. Fluid variables from the classical limit

Taking the classical limit ~ ! 0, after having ob-
tained the solutions for the Wigner distribution (23) for
nonzero ~, we obtain the phase-space distribution of a
perfect fluid

lim
~!0

fW(x,p) = %(x) �(3)
D

⇣ p

a3/2
� v(x)

⌘
:= ffl(x,p) ,

(26)
with a velocity v(x) that is single-valued before shell-
crossing. Note that the wave-function  itself depends
on ~, as illustrated by the split in amplitude and phase,
 =

p
% exp(�i�v/~). Hence, the limit ~ ! 0 needs to

be taken with care and gives a nonzero peculiar velocity
despite the ~ prefactor in Eq. (25). Using mass conserva-
tion (14), we can formulate the distribution function of
the perfect fluid in Lagrangian coordinates

ffl(x,p) =

Z
d3

q �
(3)

D
[x � q � ⇠(q)] �(3)

D

h p

a3/2
� vL(q)

i
,

(27)

where ⇠(q) is the Lagrangian displacement (12) and
vL(q) = v(x(q; a); a) is the Lagrangian representation of
the velocity evaluated at the Eulerian position x(q; a).
Hence, by performing the classical limit of the Wigner
phase-space distribution (23) for a given wave function,
we can straightforwardly read o↵ the corresponding La-
grangian displacement and velocity.

Let us demonstrate the outlined technique for obtain-
ing the fluid variables, by using the free theory as an
instructive example. The corresponding wave function
 0 =

R
d3

q K0(x, q, a) (ini)(q), obtained from the free
theory propagator K0 from Eq. (2), reads

 0(x; a) =

Z
d3

q

(2⇡i~a)
3
2

exp


i(x � q)2

2~a �
i

~'
(ini)

g
(q)

�
,

(28)

where the part exp[�i'(ini)

g (q)/~] ⌘  
(ini)(q) reflects the

initial condition for the wave function, in accordance with
the used boundary conditions (9). Plugging  0 into the
Wigner distribution (23), we have three integrals over x0,
q and q0. The latter two integrals can be simplified with a
change of variables, using center of mass q+ = (q+q0)/2
and di↵erence coordinates q� = q � q0. We obtain

fW,0 =

Z
d3

x
0

(2⇡)3

Z
d3

q+ d3
q�

(2⇡~a)3
exp


ix0

·

✓
�p

a3/2
+

x � q+

a

◆�

⇥ exp

⇢
�i

~a
⇥
q� ·

�
x � q+

�
+ a �'(q+, q�)

⇤�
, (29)

where we have defined

�'(q+, q�) = '
(ini)

g

�
q++

q�
2

�
� '

(ini)

g

�
q+�

q�
2

�
. (30)

phase-space info in wave function
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+
a2

2
rrV (2)

e↵ ·r'(ini)
g

<latexit sha1_base64="myrNZMasjWTdHyhV2m3lXwsVu9A="></latexit>

v(q) = �r'(ini)
g � arV (2)

e↵
<latexit sha1_base64="qldVsZRdN/NBi4VvkepaXht6W+A="></latexit>

Lagrangian Fluid

vL(q) = ⇠̇(q)
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Eulerian 

      before shell-crossing

rx ⇥ v = 0
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"ijkxl,j ẋl,k = 0
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2LPT

2PPT
= O(a3)

<latexit sha1_base64="bwE/UzT7nyHWl3FEbcMR/7m8hQg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMK+hGLLpxZwX7gHYsmTTThmYeJJlCGfonblwo4tY/cedf+Almpl1o64HA4Zx7uSfHjTiTyrK+jNzK6tr6Rn6zsLW9s7tn7h80ZRgLQhsk5KFou1hSzgLaUExx2o4Exb7Lacsd3aR+a0yFZGHwoCYRdXw8CJjHCFZa6pnmZdfHakgwR3cl/Fg97ZlFq2xlQMvEnpPi1TdkqPfMz24/JLFPA0U4lrJjW5FyEiwUI5xOC91Y0giTER7QjqYB9ql0kiz5FJ1opY+8UOgXKJSpvzcS7Es58V09mcaUi14q/ud1YuVdOAkLoljRgMwOeTFHKkRpDajPBCWKTzTBRDCdFZEhFpgoXVZBl2AvfnmZNCtlu1qu3J8Va9ezNiAPR3AMJbDhHGpwC3VoAIExPMELvBqJ8Wy8Ge+z0Zwx3zmEPzA+fgBllZOj</latexit>

Lagrangian: Cauchy invariants
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numerical 
N particles

Eulerian Fluid

Classical Observables

⇢(x) = | (x)|2
<latexit sha1_base64="KXsIVct5+9QyJ7EKO6aZL9cWlTk=">AAACFXicbVDLSgMxFL3js9ZX1aWbYBEqSJmpgm7EohuXFewDOrVk0rQNzUyGJCOWaX/Cjb/ixoUibgV3/oWfYDrtQlsPhBzOuZd77/FCzpS27S9rbn5hcWk5tZJeXVvf2MxsbVeUiCShZSK4kDUPK8pZQMuaaU5roaTY9ziter3LkV+9o1IxEdzofkgbPu4ErM0I1kZqZg5d2RU51xO8pfq++dD9ATobuKFiU+rgttDMZO28nQDNEmdCsuffkKDUzHy6LUEinwaacKxU3bFD3Yix1IxwOky7kaIhJj3coXVDA+xT1YiTq4Zo3ygt1BbSvECjRP3dEWNfjbYzlT7WXTXtjcT/vHqk26eNmAVhpGlAxoPaEUdaoFFEqMUkJZr3DcFEMrMrIl0sMdEmyLQJwZk+eZZUCnnnKF+4Ps4WL8ZpQAp2YQ9y4MAJFOEKSlAGAg/wBC/waj1az9ab9T4unbMmPTvwB9bHD2NTn8A=</latexit>

v(x) =
i~
2

 r ̄ �  ̄r 

| |2
<latexit sha1_base64="6BkPvv3/kX/pb6S3q0c3Gfui2Nc="></latexit>

density & velocity 

Propagator PT ~ LPT in Eulerian space
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application: Lyman-𝛼 

Porqueres et al. 
arXiv:2005.12928



2 fluids: DM & baryons 

relative density 

neglect decaying modes

�inibc = �inib � �inic

<latexit sha1_base64="DTOlla2I1H4BP6XZama2RAWM60g=">AAACJHicbZDLSgMxFIbPeK31VnXpJlgEN5YZKaiIWHTjsoK9QGcsmTTThmYyQ5IRytCHceOruHHhBRdufAYfwfQC1dYfAj/fOYeT8/sxZ0rb9qc1N7+wuLScWcmurq1vbOa2tqsqSiShFRLxSNZ9rChnglY005zWY0lx6HNa87tXg3rtnkrFInGrezH1QtwWLGAEa4OauTO3RbnGzdQn/bvUlSFigvXPx9SfoMMxIhPUzOXtgj0UmjXO2OQvvmGocjP35rYikoRUaMKxUg3HjrWXYqkZ4bSfdRNFY0y6uE0bxgocUuWlwyP7aN+QFgoiaZ7QaEh/T6Q4VKoX+qYzxLqjpmsD+F+tkejgxEuZiBNNBRktChKOdIQGiaEWk5Ro3jMGE8nMXxHpYImJNrlmTQjO9MmzpnpUcIqF05tivnQ5SgMysAt7cAAOHEMJrqEMFSDwAE/wAq/Wo/VsvVsfo9Y5azyzA39kff0ASSGnQg==</latexit>

numericalICs for Eulerian Hydro Sims

PPT Initial Conditions
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see Oliver Hahn’s Talk “Initial conditions for 
Cosmological Simulations: The next generation”

⇒ 1 propagator for 2 wave functions

   Rampf, CU, Hahn 
& Hahn, Rampf, CU     
   fresh on arXiv



analytical methods & numerical simulations

Challenge: nonlinear clustering

Tool: semiclassical physics 

correspondence classical ⇄ quantum 

Schrödinger eq. with effective potential 

Propagator PT: best of Lagrangian & Eulerian 

Applications: Lyman-𝛼 & initial conditions

Large-scale structure = cosmic laboratory

Conclusion


